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Abstract

The primary purpose of the present paper is to continue the our previous investigations and apply the
technique from the 2-body and 3-body problems of classical electrodynamics to the 4-body problem. First,
we extend the problem for N charged particles based on our previous results and introducing radiation terms.
Moreover, we justify the radiation time within the framework of non-standard analysis. The equations of
motion are neutral type nonlinear differential equations with state dependent delays. In the next papers
we prove the existence-uniqueness of a periodic solution. In this way we hope to explain the existence of
Lithium atom and Hydrogen molecules.
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1. Introduction

The primary goal of the present paper is to propose a general model of N-body problem with radiation
terms. As a consequence, we derive equations describing the motion of 4 charged particles in the frame of
classical electrodynamics. We proceed from the results [1, 2] modelling the interaction of N charged particles
and add new form of the radiation terms introduced in [3, 4]. The present approach is already applied to 2-
and 3-body problems [5, 6, 7, 8].
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In our model each particle is influenced by others (cf. [1]). From mathematical point of view the equation
of motion of every particle (its right-hand side) contains the sum of the Lorentz force produced by all the
other N-1 particles and the radiation term describing self-interaction. The base of our considerations is the
Dirac reasoning presented in a relativistic invariant form [3, 4]. This leads to a nonlinear system of 4N
equations of motion (cf. [2]):
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(r =1,2,3,4;k = 1,2,3,...,N) where the Einstein summation convention is valid for repeating [. The
right-hand sides

) _ ge” el
" 8x7(~k) &cl(k)

can be calculated by the retarded Lienard-Wiechert potentials

S
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following the results [13, 15, 18, 20]. The mathematical formulation of the retarded action is given in
[13, 15, 18, 20]. The radiation term is defined as a half of the difference between both retarded and advanced
potentials (cf. [10]):
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We have derived the radiation terms in a relativistic invariant form in [3, 4].

We proceed as in [5, 6, 7, 8] and obtain equations of motion for the 4-body problem. They are neutral type
nonlinear differential equations with retarded arguments depending on the unknown trajectories (cf. [11,
12]). In the next paper we shall prove the existence of periodic orbits which confirms the Bohr-Sommerfeld
hypotheses for stationary states [19]. It turns out that they are implied by classical electrodynamics unlike
previous claims that they contradict it (cf. for instance [16]).

Section 1 of the paper is an Introduction. Here we extend the general formulation for N-body problem
with radiation terms. In Section 2, a derivation of the explicit form of the equations of motion for 4-body
problem is made. Every vector equation contains in the right-hand side the Lorentz force and a radiation
term that shows the self-interaction of every moving particle. The Lorentz force is a sum of three terms
each of which shows the influence of the other three particles on the first one. In Section 3, the formalism of
the transition to the Euclidean coordinates is described. In Section 4, we reduce the system of equations of
motion in a simplified form using suitable denotations. In Section 5, a transformation of the radiation terms
on the base of non-standard analysis is made. Strictly speaking (in the frame of non-standard analysis) the
electron size should be infinitely small because in the special relativity all objects are infinitely small (cf.
[15]). This implies that the radiation time is infinitely small too (cf. [9, 14, 17]). Section 6 is a conclusion.
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The equations of motion in the relativistic form for the 4-body problem are:
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Obviously, the number of equations in (2) is 16, while the unknown functions (trajectories) are 12. It is
proved in [1, 2] that every 4-th equation is a consequence of the previous three ones. In this manner one
obtains 12 equations of motion.

2. Derivation in Explicit Form of the Equations of Motion

Following denotations from [20] we mean by
(0,287 (0),287 (0),08 = ict) (k= 1,2,3,4)

the space-time coordinates of the charged particles. Latin indices run from 1 to 4 , while Greek - from 1 to
3 . The dot product in the Minkowski space is

4
<a’ b>4 = a,b, = Zarbra
r=1

while in the 3-dimensional Eucleadian subspace

3
<a> b> = aabo = Z aaba;
a=1

¢ is the vacuum speed of light; my(k = 1,2, 3,4) are the proper masses of particles; er(k = 1,2,3,4) - their
charges.
The elements of proper times are ds; and

= 1/4/1— (B0, a®) /2); A, = 2 — (@B (1), @0 (1))
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are the unit tangent vectors to the world lines
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The components of the accelerations are:

B (o d N e d Ay e d A edne
dsy, cdt ¢ “cdt ¢ Tecdt ¢ 7 c dt
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The isotropic vectors & (k")(kz =1,2,3,4;n # k) are obtained as in [20] fixing any event on the world line
of the k-th particle and drawing the light cone into the past. This cone intersects the world line of the n-th
particle in any other (past) event. Since

<5(kn)’ 5(kn)>4 —0,

then the retarded functions 7y, (¢) should satisfy the following functional equations
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To obtain the radiation terms we proceed from the Dirac physical assumption [10], but we derive the
radiation term in a relativistic invariant form [3, 4]. Consider the charge ex(k = 1,2,3,4) describing the
curve Li(k =1,2,3,4) in space-time. Let

Ay (0), 27 0), 27 1) et
be any event,
aret ( ® (1), 2P (1), 2P () ,icfk) e <t
the intersection of Li(k = 1,2, 3,4) with the null-cone drawn into the past from Ag(k =1,2,3,4) and
(6080 ) 3 i) e

the intersection of Li(k = 1,2,3,4) with the null-cone drawn into the future from Ag(k = 1,2,3,4). The
components of the velocity vector to the world-line Ly (k = 1,2,3,4) at A}** are

ret 7 ret 7 ret 7 ret
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and A7 Ay, is the isotropic vector
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We set 77¢4(t) =t — ), > 0 = f, = t — 77¢!(t) and then
g®ret — (aft) = o (B) 27 (0) = 28 (1) 087 (1) = 2 (B) i (£~ 1))

In a similar way we introduce the velocity vector to the world-line Li(k = 1,2,3) at A%dv :
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Setting
) =t —t > 0= b, =t +717(1)

one obtains
€0 = (o (i) — (1), 2 (i) — 2 (0,2 () — 2 (0) e (i — 1))

Define the radiation terms as a half of the difference between both retarded and advanced potentials (cf.

[10]):
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Then the equations of motion become (r = 1,2,3,4)
1 i (1)ret 1)ret (1)adv Dadv \ ]
d/\( " e <F( 25\ 4 p09,\0 gy 1104 oA foa oAl A
dSl rl 2 am(l)'ret 61'(1)T6t 8$(1)adv a$(1)adv ’
L YLr l r l .

d)\(Q) e 21 )\(2) N F 25))\( ) (24))\(2) . 1 6Al(2)ret - 8A$=2)T6t - aAl(Q)adv - 8A7(~2)adv )\(2)

d82 - 2 ax£2)ret 8$§2)ret aa%(nQ)adv 81_l(2)adv l ’

d)\gi’;) e F (1) )\(3) 32)/\( ) (32)>\(3) +1 —8Al(3)ret - 8A$~3)Tet - 8Al(3)adv - 8A£,3)adv T )\(3)

3 dss - 2 Tl 9 8$$3)ret 8x§3)T€t 8{ﬁ(ﬂ3)adv O l(3)adv l ’
. d)\,(~4) _ e 41 )\(4) 42))\( ) (43))\(4) +1 '8Al(4)ret - aAffl)TEt - 8Al( Yadv 8A(4)adv )\(4)
4 dsy c2 Tl l 2 ax£4)ret 6xl(4)ret 8x(4)adv P (4)adv l ’




Vasil G. Angelov, Lett. Nonlinear Anal. Appl. 3 (2025), 28-47 33

Generalizing the formalism from [5, 6, 7, 8] we reach the following system of 16 equations (k =
1,2,3,4;,a=1,2,3,4) :
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3. Transition to Euclidean Coordinates

Since ¢kn) glkret ¢(k)adv gre jsotropic 4-vectors we obtain
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Therefore, considering their coordinates
g = (af(t) 2" (¢ = rin) 27 (1) = 0§ (¢ = 71n) 287 (8) = 25" (¢ = n) iCTin )
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In this way the solutions the last equations define the retarded and advanced functions 7xy,, 75" ,T,?d”.
Differentiating the functions t = ¢ (tx,) we obtain
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For the acceleration vectors and scalar products in the Minkowski space we have
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For the retarded part of radiation term considering ¢t = ¢ (fk) we differentiate
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d 1 d 1 dt d 1Ddd 1 d 1 dtd 1 d
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P <€_‘(kN)7ﬁ(n)> <<g(kn)’g(n)> _ 02%) <u(n) u(n)> o n L

8, AL
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Then the equations of motion (3) become (kK =1,2,3,4;a0=1,2,3) :
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B RNCN (ap)”

(Clegdv _ <g(k)adv7 ﬂ’(k)adv>) ?

(k)adv Dg* ( (@®) Gwedv)

+ A%k)adv
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S (&))"
(CQTlget _ <g(k:)ret’ ﬂ’(k)ret>) 2
t (<ﬁ(k)7ﬁ(k)72'et> N (<ﬁ‘(k),ﬁ(k)7»et>_c2)<z—f(k)1'et7ﬁ‘(k)1'et>)
- _ret Die (A]Ircet ) (Arket )
— icTy, 5
Ay (027-’1;6‘5 _ <§k)ret’ a’(k)ret>)

2

ret

(k)7ﬁ(k)udv>_c2 ic <ﬂ(k)7g(k)adv>_627_gdv

AkAZdv - Azdv A

i -adv <ﬂ
62 ZCTk
_ k
2 N ~ 3

kac < <u(k)adv7§(k)adv>_c27.gdv )

adv
Ak

Hidv 4

[ (gRadv (k) —c2radv jepgdv (g(k)adv g(kjadv)
4
+ (Azdv)Q Ak (Azdv)
(c%;jdv - <g(k)adv’ ﬁ(k)adv>)2
Z'cr,?dv DA;;dv < (@®) GgWaedvy (k) gadv)_c2) (gkedv j(k)adv) >
k

_|_
(ag)? (ap)*

(C2ngv _ <g(k)adv7 ﬁ(k)adv>) 2

Remark 3.1. The above system contains 16 equations while the unknown functions are 12 in number. One
can prove as in [2] that equations (5) are consequence of (4). Therefore, the system (4) contains exactly 12

equations which we consider in the following.
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4. Transformation of the System of Equations

We simplify Eq. (4) using denotations:

. Hin (2 = (@®,a™)) b A2 <a‘(k)7 g<n>> + ((@® a@m) - 2) <a<n>,a<n>>.
(¢ (@0 09 (@ em)
(S (€40.@0)) Dy (40, 00) i) (0 60) D (§40,0) )
S e ) N (X N (R D
() (A () (G, ) ) e i)
A= (CQTlget _ <g(k)ret a‘(k)ret>>3 ~ Dk (Azet) (cg ret <§(k)ret ,J(k)ret>) ;
e P @) () ) ) g (g ) )
k (CQT,:et _ <£(k)7-et7a‘(k)7‘6t>>3 (Aget)? (CQTI:et _ <g(k)7‘et7a’(k)ret>>2 Tk <C2T]1;et _ <5(k)'ret7a‘(k)ret>>2
qodv _ Hadv (c2 — (k) gkadv)) e (Azdvf <ﬁ(k)’ﬁ(k)adv> + ((@®), gkadvy _ c2) <ﬁ(k)adv7ﬁ(k)adu>'
- <C2T;:dv _ <E(k)adu’ﬁ(k)adv>>3 k (Azdv)2 (Czngv _ <E(k)adv7ﬁ(k)adv>>2 ;
e _ B (gt = (@ ) g (@ ) ) o ) g (@ ) <)
Byt = (CQT}gdv_<g(k)adv7ﬁ(k)adv>)3 N (Agdv)? (Cz adv_<€(k)adv’ﬁ(k)adv>>2 O = <027_;€1dﬂ_<g(k)adv7a‘(k)adv>>2

() 4 U () (t) <*(1)(t),ﬁ(1)(t)> _

elez (A12§(12) Bioul? + Cizull )) +eles (A13£((11 — Bisul) + 1308 >) +eleq (A14§(<)¢14) — Bigul + 01471((14))

mic2

= A

A 6% Aiet 5((11)7‘Et . B{et ugl) + Ci‘etugl)ret . Atlldv&(ll)adv ¥ B(lldvu(al) _ Cladvugl)adv .
1

mic2 2 ’
)

a@ () + A( SECIORCION
2

eze1 (Azlfgém) Barul? + Coral >> + ezes (Azzs&(f — Bosul?) + Cogul? >) + eseq <A24§&24> — Bagul + 02411&4))

=242 mac?
2
LA 8% Aget 5&2)7"“ _ Béet (2) Cret (2)ret Agdvgg?)adv + Bgdvug) _ C;d“u((f)adv )
2 TTL202 2 ’

<t>+““ 0 (g0 0,500)

eseq (Asléc(y Y _ By u( )t Cqall )) + esez <A32£&32) B zu( ) 4 C30u? )> + eseq <A345&34) — Baaul + 03411((344))

= A3

msc?
A eg Aget&(f)ret _ Bgetugﬁ) + Cgetu((f)ret _ Agdvf((f)adv + Bgd”uff’) _ Céldvu((f;)adv'
3 2 3
mgc 2
4 t) /., .,
( >(t)+ () < (4)(t) (4) (t )>
4
eseq <A41§a Bu1§) + Cuiall )> + eqez (A425§14 — Bppul?) + Cypu? )) + eqe3 <A43€5¥43) — Buul® + C43ﬁ$x3))
= A mgac?
A ei AZEt&(;l)TEt _ BZEtu((;l) + C,Z;etu((;l)v‘et _ Agdvé.((j)adv + Bzd”ugl) _ CZduu((;l)ad'u.
mgyc? 2

Recall our basic Assumption (C): All velocities satisfy the inequalities
‘ua(k)(t)) < J(@®, @) <z < c

In view of Sommerfeld fine structure constant 3 = ¢/c ~ 1/137 = 3? ~ 0 we conclude that A, ~ c.
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Then (k=1,2,3,4;a = 1,2,3) for the Lorentz forces we obtain:

a2 _ Azeres <A12€g — Broul? + Choi ) e1€2 (Auga — Bou? + opi? )
“ mic? p—
o) Areres (A13§a - B u(a) + C13 s ) eres <A13§ 3 _ B, ua 1+ O30 3))
mic? mic
Gu — Ajerey (A14€a14 — Bl + ol ) e1ey <A14§ U _ Bl + ol )
mic? mic
G(21 Aseser (Amgt(f — By ua ) 4+ 021u (1) ) ee1 (A21§a _ B, Ua n 021u (1) )
mac? Mac
o Ageges <A23§§3 ~ Bogu®) + Oz ) eses <A23€a — Bosu?) + oz )
maoc? Mac
e Agezey (A24§a — Bogul? + Oyl ) esey <A24§a — By + i )
maoc? Mac
GBY — Asesel (A31§a — Byul) + C32Ua31> _esel (A315a — Byul + nguggl)'
msc? ~ mac ;
G — A3e3€2 (A32£ — Bypul + Caitly) > ek <A32§&32) — Baul + C3211a2)) .
msc? ~ mac ;
G — A3esca (A345a — Byu) + Cyqin) ) eseq (A34§((134) — Byl + 034%4)) |
mgc2 mac ;
G — Aseser (A‘ﬂf — Byul) + Cyily! ) esel <A41§é41) — Byull) + 04111&1)) '
mac2 — ;
G2 — Aaezes (A42£a — Bypul + Cuzity) ) esez <A42§<()¢42) — Bpul + 04211&2)) .
myc? mac ;
G43) _ Aseqes (A43§&4 B43Ua + C43U % ) eqe3 <A43§((x43) — B43US14) + C43u&4)) .
“ myc? mac ;
Gkrad _ Akek Areté-(k Jret Bzetugﬂ) + C}:etugﬁ)ret _ Azdvéék)adv i B,‘;d“u((f) B Cadvu(k)adv
¢ myc2 9

We write down the last system in the form

For the rest of the equations we obtain
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'<k>> e <g<kn>, g(k’)> N IORTON
T - Z mkaQ (<E(’m),ﬂ‘(”)> B C2Tkn)3 inHkn
+Dkn {(<§(k"),ﬁ(k)> — Th, (@®), G g ), ) > — T2 <ﬁ(k),ﬁ(n)>}

st (o (.2

N 2 <§(k)ret7g(k)> — et <ﬁ(k)7ﬁ(kret>
2my,c? (<g(k)ret’ a’(k)ret> _ et >3
D [((Fm, ) o 6 0 s ) o o s )

( Aret ) Hret

" (Arket )2 ( et <€_’ yret (k) T’et>)2
9 _
<§k)adv’ ﬁ(k)> radv <,L—[(k)7ﬁ(k)adv> I
272262 ( <g(k)adv’ﬁ(k)adv> _ C2ngv)3 <Akd ) i

Dgdv [<<g(k)adv7ﬁ(k)> — rgdv <u k) u(k)adv>> <ﬁ(k)adv —’(k:)adv> — rgdv (A%dv)Q <ﬁ(k)7ﬁ(k)adv>}

(Ag) ( radv <k:)advu adv>)2

The assumption (C) implies ¢? — <ﬁ(k) k)> > ¢ — ¢ > 0. Therefore, the determinant of the above
system is 6 = ¢?/A? > 0 and consequently we can solve the last system with respect to u&)( t), (k =

1,2,3, 4,0 =1,2,3) :

_|_

1)\2 (12) (13) (14) (1)rad . ra
(ct(ul ) )(G1 +G1 1 e )0 (G52 + 6§ 4+ G 4 G

V(@) = > >

u<11)u§1) (Ggm) n Ggm) n G§14) +G§3)rad>

_ 1
5 =V,

C
1)) 2 12 13 14 2)rad
uDud (G§12> 46U 4 g +G§1)rad) (62 _ (ué >) ) (Gé )+ G 1 gl 4 g )

. 1
ad () = - > - =
ugl)ugl) (G§12) + Gng) +G:(314) +Gg3)rad) o
— 5 =Uy";
C
0 ugl)u(l) <G(112) + Ggld) + G(114) + Ggl)rad> u(Ql)ugl) (GSQ) +Gg15) + G§14) + GéQ)rad)
Usg (t) = b) - 2

c

(cz _ <u§1)>2) (Ggm) + Gém) n Gém) n GéS)rad)

+
c2

= Uél);
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(2)) 2 (21) (23) (24) (2)rad ra
(CZ— (ut?) )<G1 +GPY 4 6P e 0,0 (G + 6% + 6P 4 G

. (2
af? (1) = 5 5
2 2 21 23 24 2)rad
R e AR Me i B
_ 5 =u;
2)) 2 21 23 24 2)rad
" ugmuu) (G20 +GEY 4 6 1 gPred) (c2 — (u$) ) (68 + 68 + 68 4+ afre)
Uy (t) = =2 + 2
ugz)uéz) (Ggm) n G(323) +G§24) +G§2)rad> e
B 2 =Y2
(2) (2) (2) (G(Ql) + G§23) + G524) + GgQ)Tad) ué2)ug2) (Gg21) +GgQ3) + G224) + G;Q)rud)
() = o2 N c2
( (2) ) (G(321) +G§23) +G<324) +Gé2)'rad)
—77(2),
= = U,
3 31 32 34 3)rad 4 E
e ( ul ) ) <G§ )1 GPD 4 gPY 4@ ) NONO) (Géw JrGgsz) + G +Gg3)rad)
c? - c2
3 3 31 32 34 3)rad
uul? (6P + GFP 4 6P + Gt _ o
_ 5 =u®;
3)\ 2 31 32 34 3)rad
. u® o (G§31> +60D 4 g _~_G§3>md) (62 _ (ué )) ) (G; ) 468D 4+ 6PY 4P )
uy” () = — o2 + c?
ug ul? (G 46D 6 L)
_ 5 =ud;
@ ug:s)ug:a) <G(131) + G§32) + G(134) + G§3)md> u(23)u§3) (Gg31) JrGg%z) + G§34) + Gé?))'rad)
ug” () = — 2 - 2
3)\ 2 31 32 34 3)rad
(cz_(ug>> ) (667 +66 +6{ + o)
+ = Ué ).;
C2
1)) 2 41 42 43 4)rad
Y (c2 _ <u<1 )) ) <G<1 )46 461 4 g ) u® o (Gg‘“) 4G5 4 gl +Gé4)rad))
®) o2 N c?
ufVuf? (G5 + 66 4 i i) S
_ 5 =uW;
) 1)) 2 41 42 43 )rad
" u@u (G + G 1 G 4 ) (ct (us?) )(G; 468 6l 4 i)
ugy - (t) 2 + 2
4 4 41 42 43 4)rad
ufVulh (6" + G5 4 6§ + G{vred) _ o
_ 5 =ulY;
“ u§4>u§,’4) (ngu) n G(142) +G<143> n G(14)md) u<24)ug4) (Gg“) n Ggm) n G§43) n Gg4)md)
iy (t) = — 2 - c2
2
(02 _ (ug@) ) (Gg‘“) +G§42> +G§43> +Gé4)rad) )
+ = Ué ).

c2
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5. Simplifying the Equations of Motion and Derivation the Radiation Terms

Indeed, assumption (C) implies

agm(t) g2 (G(m) n G(IS) n G(14) n G(l)md G(IQ) n G(IS) n G(14) +G(2)md 52 (GgIQ) n Ggm) " GéM) +Gg3)rad> — U2(1);

d (G<12) n G(13> n G(14) n G(2>md) ng) n Ggg) " G§14) " G§3)md — U3(1);

ug)( 1) = g2 <G<12> n G<13> + 6 (14) Gl ()ra
u§2)() G(21) JrG(zs,) JrG(zm) +G(2)rad 52 G(21) JrG(zg) JrG(24) +G(2)rari) 52 (ngl) JrGéz:a) +G§24) +G£}2)rad) _ Ul(z);;

d (21) + G(23) + G(24) + G(2)rad 62 (G(Ql) + G(23) + G(24) +G(2)7-ad) = U(2)'

u(2)(t) _p? <G<21) n G(23) + 6 (24) Gl 2)ra

1153)( ) G(Sl) +G(32) +G(34) + G(S)rad 52 G (31) +G(32) + G(34) + G(S)rad) BQ <Gg31) + GéSQ) + Gé34) + GgS)Tad> = UI(S);;

uéS) (t) = -2 <G<31) G(gz) + 6 (34) Gl (3)rad

31) + G(32) + G(34) + G(B)rad 52 (G:(,’?)l) + Gg32) + G:(334) + G:(33)rad) = UQ(S);
(41) +G(42) n G(45) + G(4)rad) 52 (G(41) + G(42) + G(43) + G(4)rad) = U(4);‘

ug‘”(t):—ﬁ ( a4 +G(42)+G(43)+G(4)rad +G(41)+G(42)+G(43)+G(4)rad Bg( (41)+G(42)+G(43)+G(4)md> (4)

u§2)(t): _p? <G(21) +G(23)+G24)+G(2)7‘ad> (G(Ql)+G(23)+G(24)+G(2)7‘ad) +G(21)+G(23)+G(24)+G(2)rad U(2)
1154)( £) = G(41) JrG(42) JrG(45) JrG(4)md Bg(

u:(;l) (1) = -2 <G<141) n G<142) n G§43> n Gg4)md> _ g2 (Ggu) n G§42> n Gg;s) n G,gl)rad) n G:(;u) n Gg42) n G§43) " G:(;L)rad _ U§4).
To obtain a suitable form of the radiation terms we follow the Dirac assumption 7, = T,‘;d” =7(71isa

small parameter). This assumption is motivated by the fact that 7 = 79/1 — 52 = 79, (7'0 =refcr 10*24sec).

Remark 5.1. In fact, the Dirac assumption can be (strictly from mathematical point of view) formulated
using the nonstandard analysis (cf. [9, 14, 17]). Indeed, in the special relativity there are no objects with
finite size. Therefore, the electron size r, should be considered as infinitely small (but not zero) and then

w(t+7)—u(t—7)
2T

7 should be infinitely small. Consequently, the expressions are H. Schwartz derivative of the

corresponding velocities. Recall that all ulP (t) are infinitely smooth functions [10, 11]. Then

u e+ 7) = ulb) (1) (¢ = ) B 05 (OuB 04 7) = (u0)) a0 =) = (P 0))
<ﬁ(k)7 U(k)adv> ~ <ﬁ(k)’ ﬁ(k)> ; <a»(kz)’ﬁ(k,‘)r6t> ~ <a»(kz),ﬁ(k)> , <ﬁ(k)adv7ﬁ(k)adv>
~ <ﬁ(k)7 ﬁ(k)adv> : <ﬁ(k)ret7 ﬁ(k)ret> ~ <ﬁ(k)7 ﬁ(k)ret>;

7R (1) g (¢
C2T£et <g(k)ret,ﬁ(k)ret> —2r— 7 <ﬁ(k)(t)7ﬁ(k)(t _ 7_)> ~ T2 (1 N <U ( )7” ( )> ~ 7_02;

c2

c2

7R (1) 7k (¢
C2ngv _ <§k)adv7ﬁ(k)adv> — 2 _ T<ﬁ(k)(t)7ﬁ(k)(t+,/_)> ~ 72 <1 _ <u (t), u"™( )>> ~ 7

20 = ol (¢ =) 2l (0) =2 (= rit) o (1) = 2l (¢ = 7 ) i)
(

X
—

)
g(k)adv _ (ﬂfgk) <t + T,?dv) o xgk) (t),l‘ék) (t + T]?dv) . :Egk)(t) (k) (t + adv) - xgk) (1), ZCT]?‘h))
)
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Ay — (EWret grer) & 2r — (€0ret g®)) x 2r — 7 (@), 70)) = 2,
Ay — (Wt ghadv) o 2r— (80, g0} » 2 — 7 (70, 7®) = Py
et — (g0t ghret) — 27— 7 (@0 (1), a®(t - 7)) ~ 7 (2 = (@), 7P 1)) ;
CQde — (W g0ads’y — 2p - (G0 (), @t +7)) ~ v
Then the explicit form of the radiation term is:

(k)rad eiAk

2myc?

A%/C)ret (C2 - <ﬁ(k)7ﬁ(k)ret>)

(c2r — (€l gtbrer) )’
(& = (0, bty e, ) — (27 - <5k> ) (T
<c2r - <g(k)7'et7ﬁ(k)>> < <§_' >>2 fa

+

’< g )

g (Fadv <5(k) et _g(kyre t>

Oé

<§k adv_7(k)adv > + qkret
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9 4 27 ﬁ(k)’d(k)ret — re? a'(k)’d(k)ret
o i l( o ST ) e ()Y ey

2myc (21)? 73c2 (c2)?
o 2r <u(k:), u(k)adv> 2 <1—[(k:)’ a*(k:)adv>
- 3+ 2 Tulf) (t)
(c*7) 73 (c?) (c?)
Ar 27 ( kadv jk)ad 4. Wkyret (kret ade . (K)ret
+c7’ CT<€ U Z (ads_ CT c7’<§ Z (k)ret_ut(l) a®
@ = a 2 2
u (k)adv g(k adv>) (CQT _ <é‘(k)ret7 ﬂ'(k)ret>) T 2T
Ar— 22 (a®) u(k)adv> ctr — 2 <ﬁ(’“),ﬁ’(k)’"et> gRadv . (k)ret
ul®) _ k) _ Y 4 Yo
kac “ (21)? @ c2r c2r
k) k) 7k) gk (¢ — k k
e 1 X (H_T)> <u Ut T)>u(k)_|_ ()( t+7)— ()(t—T)
mpc 2 o a 57
(k) (k) o, (F)
Y ez <u , U >ua e
kaS c2 for :

Besides the radiation term for the energy equations is:

et = (ot q®(— 7)) Pr ({0t g (e - 7))
Dre — — ~ 1
k c2rret — <g(k)ret’ k) (t)> 27 — <g(kr)ret, ﬁ(k’)(t)>
) Czngu _ <é(k)adv’ ik (t + T,?d“)> c2r — <g(k)adv’ a®) (t + T)>
Daav — = ~ 1,
k c2rady < gkadv, a‘(k’)(t)> 2T — <g(k)adv, @k) (t)>

T <u&k),ﬁ(k) (t— r)> . (r (@®, @®) — 7¢2) <ﬁ(k)7 0 (¢ — T)>
A2 Al
T <U&k), a®) (t — 7‘)> T <ﬁ(k)7f[(k) (t— 7-)>

Hit =1+

~
~

P (@ (e 1)) (r (@, 80 — ) (a®, i e+ 7))

Hp =1+ A2 + Al
(ud @0+ 7)) (@80 (7))
~1+ = — =2 =1,
e [T @O 0,00 o () (0
4 2myc2 (c2r — 7 (@) u(kz)ret>) HE; (c2r — <ﬂ'(k)7ﬂ'(k)adi>)3 k2k
ik

. ((rit (k). u(k)> . <u(k)7 ﬁ(k)ret>) < ret ik )ret> — A2 <ﬁ(k)’ &'(k)ret>
A2 (21 — (ria®) , i®) ret>)2
(<Tﬁ(k),ﬁ(k)> _ <ﬁ(k)7 ﬁ(k)adv>) <ﬁ(k)adv7 ﬁ(k)adv> — A2 <ﬁ(k)7 ﬁ(k)adv>
A2 (27 — (ri®) | gk)adv))?
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_ e% T <g(k)7 ﬁ(k)> T <g(k)7 g(k)> s T <@(k), g(k)> — T< (k). g(k)> A2
2mpc® | (2r — 7 (a®), akret))? F (21 — 1 (a®), gk)ek) k
(<Tﬁ(k)’ ﬁ(k)> _ <U(k)’ U(k)>) <ﬁ(k)ret’ ﬁ(k)ret> — A2 <ﬁ(k)7 I’—L‘(k)ret>

A2 (c2r — 7 (a@®),a®))?
(<Tﬁ(k)7ﬁ(k)> . <ﬁ(k)7ﬁ(k)>) <ﬁ(k)adv’ ﬁ(k)adv> — A2 <ﬁ(k)7 ﬁ(k)adu>
- AZ (27 — 7 (i), @#))?
2 (k) _ k)¢ — 2
€ 1 [ gy aVt+T)—adWE—T)\ ek /o)
- mpc? A} e 27 = mygcd <u & >
Finally for the energy equations we obtain:
TORONE-NE ORC) 4 glm) G0\ _ ) )
< N >: ’“< _ >+ Z 6k€n2 < . > { , ) 2 Hin
k miC ne Ltk "TRC (< <kn>,a<n>> - C2Tkn)

(RRTONEER O RTON <ﬁ<n>,g(n>> — A2 <ﬁ(k)7ﬁ’(n)>

S5 (e~ (@070

6. Conclusion

We have derived the system of equations of motion describing the 4-body electrodynamics problem. As
in 2- and 3-body problems the equations of motion are nonlinear neutral type plus radiation terms containing
third derivatives.In Section 4. we justify the derivation of the radiation terms via non-standard analysis. In
the next paper we shall prove an existence-uniqueness result by means of suitable fixed point theorem . We

shall prove stability of the Lithium atom and Hydrogen molecule, too.
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