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Abstract

In this paper, we give an estimate of d(z,,z*) for a sequence {z,} in a b-metric space that satisfies the
contractive condition
d(Tny1,Tn) < Ad(Tn, Tn-1),

for all n € N, where A € (0,1). In addition, we give another proof for the convergence of a sequence {z,}.
Examples of estimation for Banach’s, Kannan’s, and Reich’s fixed point theorems are given. In the end, we
give some open problems in which research can be continued.
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1. Introduction and Preliminaries

One significant consequence of the Banach fixed point theorem|6] is its provision for estimating the error
within the Picard iterative sequence. This estimation comes in two valuable forms: a priori estimate, used
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at the outset to predict the number of steps required to achieve a desired level of accuracy, and a posteriori
estimate, which can be employed during intermediate steps to assess the convergence rate, allowing for
comparison against the initial prediction made by the a priori estimate.

Theorem 1.1. [6] Let T : X — X be the contraction mapping in a complete metric space X, xq be the
initial point of the Picard iterative sequence xn+1 = Txy, and let x* be the fixed point of the mapping T. The
following error estimates hold:

(i) d(zna) < 7=

~d(xo,1);

>~ >

(i) (s, a*) <

for all n € N.

~d(xp, Tpy1).

While the error estimates for Picard iteration are powerful within standard metric spaces, it’s natural to
wonder if similar results hold in more generalized settings. This leads us directly to the concept of b-metric
spaces. In 1993, Czerwik [11] proposed the terms b-metric and b-metric space. Bakhtin [5] called them "almost
metric spaces." But these kinds of spaces were earlier considered under various names (see the Introduction
to [10]). In [10], one says that Bakhtin proposed the term "quasi-metric," but the exact translation is that
of "almost metric." Also, according to the historical notes in the recent paper of Berinde and Pacurar [7],
it appears that the concept of b-metric space (under the name "quasimetric space") was introduced before
Bakhtin and Czerwik, by Vulpe et al. [30]. The theory of fixed points in b-metric spaces has expanded in
the past ten years (see [1, 3, 4, 7, 8,9, 10, 11, 12, 13, 16, 17, 18, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29]).

We list some well-known facts about b-metric spaces.

Definition 1.2. Let X be a nonempty set and s € [1,400). A mapping d : X x X — [0,+00) is called a
b-metric if:

(1p) d(z1,z2) = 0 if and only if x1 = x2,
(2[)) d($1,$2) = d(.’EQ, xl),
(3p) d(z1,73) < sld(x1,22) + d(x2, 73)],
for all x1,z9,x3 € X. In this case (X,d,s) is called a b-metric space.
Remark 1.3. If s = 1, then the b-metric space is metric. The notions of convergent sequence, Cauchy
sequence, and completeness in b-metric spaces are defined as in metric spaces.
+00
Remark 1.4. The space I’ = {{z,} C R: ) |z,|P < +oo},p € (0,1), together with the function d, :
n=1
P x P — R, defined by

+00 %
() = (Z 2 mp) ,
n=1
where x = {xn},y = {yn} € P, is not a metric space (the function d, do not satisfy the triangle inequality),
but (IP,d,, s) is a b-metric space with s = 2%71, [14, 19].
Remark 1.5. The b-metric need not be continuous (see for example [16]).

Definition 1.6. Let (X,d,s) be a b-metric space, {x,} a sequence in X and x € X.
(a) The sequence {xy,} is convergent and converges to x, if for every e > 0 there exists ne € N such that

d(xn,z) < € for all n > ne. We denote this by lirf Ty =T OT Ty, — T GS T — +00.
n—-+00

(b) The sequence {xy} is called Cauchy if for every € > 0 there exists ne € N such that d(zy, ) < € for all
N, > Ne.
(c) If every Cauchy sequence in X converges to some x € X then (X, d, s) is called a complete b-metric space.
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Recently, Miculescu and Mihail [20] (Lemma 2.2) and Suzuki [29] (Lemma 6), see also Mitrovié¢ [21] (Lemma
2.3) obtained following result.

Lemma 1.7. Let (X,d,s) be a b-metric space and sequence {x,} C X. If there exists A € [0,1) such that
d(mn—‘rlu xn) < )\d(l‘n, Jf'n—l)a (1)
for alln € N, then {x,} is Cauchy.

Remark 1.8. From Lemma 1.7 we obtain that {z,} is Cauchy if there exist a € [0,400) and X € [0,1) such
that d(zp1, n) < A"a for any n € N.

In next section we give an estimate for d(x,,x*) for a sequence {z,} in a b-metric space that fulfills the
condition (1). In addition, we give another proof for the convergence of a sequence {x,,}.

2. Estimation in b - metric spaces

In this section, we will denote by |z | floor function (greatest integer less than or equal to z) and by [z]
ceiling function (least integer greater than or equal to x). Firstly, we give an auxiliary lemma that proves
the main result.

Lemma 2.1. Let (X,d,s) be a complete b-metric space and let {x,} be a sequence in X. Assume that there
exists A € [0,1) such that
d($n+1a :En) < )\d(l’n, -’Enfl)v (2)

for any n € N. Then the following estimate applies for i < j
d(ziy ) < SN (L+sA+ ...+ 7772V T2 4 0772\~ D (g, 27 (3)

Proof. Let i,j7 € N and ¢ < j. From condition (3;) we obtain
d(wi, ;) < sld(@i, viy1) + d(@ig1, 75)]

< s\d(zo, 1) + $2[d(zit1, Tit2) + d(Tit2, 7;)]

< (X4 52)\“'1) d(zo,21) + 8°[d(xi19, Tiv3) + d(Tirs, ;)]

< (S)\i + 2N 4 53)\i+2) d(xg, z1) + s*d(wi43, Tiya) + d(wia, zj)]

< SN (L4 sh+ ... 4 772N T2 L G200 (g 1),

For s\ # 1, since s > 1 we can estimate distance

1 — (sA)7 ¢

1
1) < s\ .
d(zi, z;) < sA T d(xo, 1)

Our main result is the following theorem.

Theorem 2.2. Let (X,d,s) be a complete b-metric space and let {x,} be a sequence in X. Assume that
there exists A € [0,1) such that
d(Tn11,Tn) < Ad(Tp, Tn-1),

for any n € N. Let ‘
no =min{j € N | s\ < 1}. (4)
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Then for s\ # 1
" 2
d(an,2*) < Cs?A™ 70! (1 + 1_SW) ,

' 1—(sA)no
where x* = ngrfoo T and €= sd(w, :El)lis))\

Proof. Let n,p € N. From condition (3;) we obtain
2
AT, Tpyp) < sd(a;n,a:nOL%J) +s [d(anLnLOJ,anLnT?J) + d(anLnT?J,anrp)].

From no(;= — 1) < ng| ;-] < no; we obtain 0 <n —ngl;-| < mng. Applying Lemma 2.1 we have

1— (s\)""lag]
1— s\

d(xy, wnotij) < S)\nOL%J d(zo, 1)
no

So,
A(ns Ty 2 ) < X170,
70

In the same way, we have

d(x Tnip) < CAPLSG]
no["Tt)pJ’ ntp) = ’

From (8) we conclude that

pEIJPoo d(l‘no ULTJBPJ ’ xn—i—p) =0.

Further, we have

d(x(n+1)n07$nno) < g [d(l‘(nJrl)nou x(n+1)nofl) +ot d(x"”()"‘l’ x”"”)]
< g ()\(n+1)n0*1 4+ 4 )\"no)d(:cl, x())
S Sno/\nno M

1-A
So,
d(x(n-&-l)noa Tnng) < CW",
where, = A\"0. Using (4) we have that pus < 1. From (3;) and (10) we obtain

"OLnTt)pJ*Q

j+1—ng| =
d(wnoL%Ja%L"n—W) < Z s OL”OJd(anoj»ffno(ﬁl))
’ j=nol 7]
no\_n+pj—1—n0\_i

n, i J
+ s 0 0 d(xno(nolnT?J_l)’anLnT?J)
NOL%J—Z

Z 8j+1—noL,%OJCHj

j=nol5s]

IN

+ SWOL"TJBPJ—I—HOL%JCMHO(L"TEPJ—U
ng["n—t)pjfZ

_ Csl—noL,TOJ Z (s,u)j
j=nolzs]

+ Csno—l—nOL%J (Su)no(LnT?J—l)

)
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Now, we have

nol ;=]
. 1-ng| 2 | (8p4)"" 0
pggloo d(x"OL%J’xnoL%J) = Cs T C Sp
nol =]
— ost
1—su
Therefore,
Al
e Aol ) na zam)) < C5T 3 )
From (6), (7), (8) and (11) we obtain
: nol 2| s°
Jdim d(Tn, Tnyp) < CsA 010 <1 + 1_SW> : (12)
On the other hand,
d(zp,x*) < sld(zn, Tnip) + d(@ngp, 7)), (13)
now, from (12) and (13), if p — 400 we obtain (5). O

Example 2.3. Consider the sequence oy = (1, %, 2%, ...) in L1 space. It follows from the Remark 1./ that
2

s = 2. Also, after basic calculations and using the definition of the distance function from Remark 1./, we

have . .
d(xpi1,2,) =d <2xn,xn) < §d(mn,xn,1).

Therefore, we have a special case where sh = 1.

As we can see in Example 2.3 and Theorem 2.2 there is a minor issue with sA = 1 so we will now provide
a proof where that assumption is not necessary. While this new proof overcomes the previous issue, there is
a reduction in the precision of the inequality compared to the first one.

Theorem 2.4. Let (X,d,s) be a complete b-metric space and let {x,} be a sequence in X. Assume that
there exists X € (0,1) such that

d(xn+laxn) < )\d(l‘n, xn—1)7 (14)
for any n € N. Let ‘

no =min{j € N | s\ < 1}. (15)
Then

2)\n0LLJ 1+ 32 (16)
d(z,,z") < C ng ,
(Tn,27) < Cs 1 — sAmo

where £* = limy— 4 o0 T, and C = 8”0%.

Proof. Let n,p € N. From condition (3;) we obtain
d(@n, Tntp) < sd(an, xnoLnij) + 32[d(xn()[lj ’ mnOLmJ) + d(anLMJ ) Tntp)]- (17)
0 70 no ng

From no(;t — 1) < ng| ;-] < no; we obtain 0 < n —ng[;-] < nop. So, we have

d(xn,anL%J) < s"[d(xn, Tp—1) + o F d<$n0L%J+1’mnoL,%J)]
< s g bl z)
< gnoyroliig) dz1,70)

1-A
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So,
A, g ) < CAOLE ), (18)
no
In the same way, we have
no| 2
d(xno LnTBpJ’xn-i-p) <CA ol J- (19)
From (19) we conclude that
pEI—iI-loo d(xnotnnt)pj y Zntp) = 0. (20)
Further, we have
d(x(nJrl)novxnno) < 8 [d(x(nJrl)noa x(nJrl)nofl) +ot d(xnno—l—l, xnno)]
< s"0 (}\(n+1)n0—1 4t )\nno>d(x17 330)
d(r1, )
< ng \nNno
< s"0A T\
So,
d(x(n+1)n0, xnno) S C:U’n7 (21)
where, = A" Using (15) we have that ub < 1. From (3;) and (21) we obtain
nQL"n—t}pJ72
j+1—no | =
d(xTLoL%J7$noL"T?J) < Z s’ OLnOJd(x”OJ’xno(Hl))
j=nolzs ]
no| 2 | —1—no[ |
+ 5% 0lng (xno(noL”Tijfl)’xnoL”T?J)
nol P | -2
< Z Sj-‘rl—noL,%JCHj
j=nol 7t ]
+ SROL"T?J—I—HOL%JCu”O(L"szJ—l)
ng[nn—t)pij
_ Csl—noL,TOJ Z (Sﬂ)j
j=nole ]
+ CSHO*P”OL,%J(s“)no(L%Jfl)
Now, we have
nol 5=
. 1—no| 2] (sp)™" "0
i AT, ) g niey) < Csm T
nol =]
— st °
1—su
Therefore,
. Al
From (6), (7), (8) and (11) we obtain
Em d(zn, Tnip) < CsA™lned (14 s (23)
potoo TP = 1—sAm0 ) °
On the other hand,
d(wp, ") < s[d(zn, wn—l—p) + d(xn—l-p: ")), (24)
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now, from (23) and (24), if p — 400 we obtain (16). O

Remark 2.5. Note that from (12) we obtain another proof of the result of Miculescu and Mihail [20] (Lemma
2.2) and Suzuki [29] (Lemma 6).

Remark 2.6. Theorem 2.2 is also valid for b-metric like spaces [2], that is, when we replace condition (1)
i Definition 1.2 with condition
d(x1,x2) = 0 implies 1 = xa. (25)

Remark 2.7. Let (X,d,s) be a complete b-metric space and let a mapping T : X — X. If the sequence of
iterates {T™x} converges to fixed point x* for any x € X then from (5) for a given € > 0 we can determine
ne € N such that it is

d(xy, ,x*) <e. (26)

Thus, the estimate (5) can be used in a large number of results on fized points in b metric spaces, where the
sequence iterates {T™x} converges to a fized point x*. We can use it for theorems like Banach, Kannan,
Chatterje, Reich, Ciri¢, Gusseman, Hardy-Rogers, etc. Also, the estimation of (5) can be used for results
about common fixed points, for example, Jungck, Fisher type, and for multivalued mappings, for example,
Nadler type results.

Example 2.8. (Estimate of Banach, Kannan and Reich type contraction) As we mentioned in Remark 2.7
estimate can be used in a large number of results about fixed points in b-metric spaces. First we determine
ne for the Banach contraction with parameter X € (0,1). Set € > 0, then, from (5), we get

2 ol 2] s?
Cs“\N7" o <1+1_3)\710> <eE. (27)
For the last inequality to hold, from basic calculations, it is necessary to choose n > n., where

_ e g(1 — sA™)

(28)

For Kannan contraction T : X — X satisfying d(Tz,Ty) < a[d(z, Tz) +d(y, Ty)], where 0 < a < %, we can
determine n. as we can determine ne by replacing X with - in (28). For Reich contraction T : X — X,
satisfying d(Tz, Ty) < ad(z,y) + Bd(z, Tx) + ~vd(y, Ty), where o, B, € (0,1) is such that h a+ 8+ v < 1,
we can determine n. by replacing \ with %Fg in (28).

Remark 2.9. In metric space (X,d) we have that s =1 and ng = 1. So, from Theorem 2./ we obtain

AT 1
* < o
d(zp,x") < Tx <1 +1 A) d(zo,x1), (29)
and from Theorem 2.2 we obtain
A2 =)
d(xpn,z") < f)\)d(mo,xl), (30)

which s still a weaker estimate than the known estimate in metric spaces

)\n

dﬂn*g
(Tp,x™) T

d(xo,l’l).

Therefore, the natural question is:
Can the inequality (30) be improved?

Remark 2.10. In paper [15] George et al introduced rectangular b-metric space. Rectangular b-metric spaces
are a generalization of b-metric spaces. Therefore, an idea for further research is to obtain an estimate for
d(xp, x*) in rectangular b metric spaces.
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