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Abstract

In this paper, we establish several fixed point results for generalized weak contractive mappings of Type I
and Type II in b-metric spaces. Using the relation between b-metric and S-metric spaces, we have obtained
some results in in S-metric spaces. Some examples are provided to support the validity of the obtained
result. As an application, one of our result is used to prove that an integral equation has a unique solution.

Keywords: fixed point, S-metric space, b-metric space, G-metric space, D-metric space, weak contraction
2010 MSC: 54H25, 54E50, 47H10

1. Introduction

Metric spaces play an important role in fixed point theory and many areas of mathematics. Because of
their usefulness, several generalizations of metric spaces have been introduced. One important generalization
is the b-metric spaces which is defined by Bakhtin [1] and Czerwik [5]. Mitrović [15] provided an alternative
proof of Czerwik’s fixed point theorem in b-metric spaces, improved its recent version and established ana-
logues of Reich and Kannan contraction principles. Many researchers have studied the properties of b-metric
spaces and developed generalizations of the classical Banach fixed point theorem in b-metric spaces; see , e.g.
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[2, 3, 12, 19]. On the other hand, Gähler [10] introduced the concept of a 2-metric as an extension of notion
of a metric. Further, Dhage [8] generalized the concept of 2-metric by introducing D-metric spaces. Building
upon these developments, Sedghi et al. [21] proposed the concept of D∗-metric spaces as a refinement of
D-metric spaces and established a common fixed point theorem for a class of mappings defined on complete
D∗-metric spaces. Mustafa and Sims [18] introduced G-metric spaces, a generalized form of classical met-
ric spaces with the aim of developing a new fixed point theory for various types of mappings within this
framework. Subsequently, several authors have established fixed point theorems in this space; see details
in [4, 18, 25]. Sedghi et al. [22] proposed the concept of S-metric spaces and explored several of their key
properties. In addition, they proved a fixed point theorem for self-mappings on complete S-metric spaces.
Since then, many researchers have studied S-metric spaces and explored fixed-point theorems from different
view, see, e.g.[9, 11, 14, 16, 17, 18, 20, 20, 23, 26, 30]. A number of fixed point theorems have appeared in
connection with different generalizations of metric spaces; see, e. g. [6, 7, 13, 24, 27, 28, 29, 31].

In this paper, we present some fixed point results for for generalized weak contractions of Type I and
Type II in b-metric spaces. One of our result generalize the result of Jovanovic et al. [11] in b-metric spaces.
We also obtain similar type of results in S-metric spaces, along with illustrative examples and application
to the solution of an integral equation.

2. Preliminaries

We begin by recalling the essential definitions that will be used throughout this paper.
Bakhtin[1] and Czerwik [5] introduced the concept of b-metric space as follows:

Definition 2.1. [1, 5] Let X be a non-empty set and d : X ×X → [0,∞) be a mapping satisfying following
properties:

(i) d(x, y) = 0 if and only if x = y;

(ii) d(x, y) = d(y, x) for all x, y ∈ X;

(iii) there exists a real number b ≥ 1 such that

d(x, y) ≤ b
(
d(x, z) + d(z, y)

)
for all x, y, z ∈ X.

Then d is called a b-metric on X and the ordered pair (X, d) is called b-metric space with coefficient b.

Example 2.2. [2] Let X = R. Define d : X ×X → [0,+∞) by

d(x, y) =| x− y |p, p > 1.

Then d is a b-metric on X with coefficient b = 2p−1.

Definition 2.3. [2] Let (X, d) be a b-metric space and {xn} be a sequence in X. Then

(i) A sequence {xn} in X is called a Cauchy sequence if and only if for all ϵ > 0 there exists n(ϵ) ∈ N such
that for all m,n ≥ n(ϵ),

d(xn, xm) < ϵ.

(ii) A sequence {xn} in X is said to be convergent if and only if there exists x ∈ X such that for all ϵ > 0
there exists n(ϵ) ∈ N such that for all n ≥ n(ϵ),

d(xn, x) < ϵ.

In this case, we write lim
n→∞

xn = x.
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(iii) The b-metric space (X, d) is said to be complete if every Cauchy sequence in X is convergent.

Sedghi et al. [22] proposed the concept of S-metric spaces and it is defined as follows:

Definition 2.4. [22] Let X be a non empty set and S : X × X × X → [0,+∞) be a mapping satisfying
following properties:

(i) S(x, y, z) = 0 if and only if x = y = z;

(ii) S(x, y, z) ≤ S(x, x, a) + S(y, y, a) + S(z, z, a) for all a, x, y, z ∈ X (rectangle inequality).

Then (X,S) is called a S-metric space.

Example 2.5. [22] Let X = R and define S : X ×X ×X → [0,+∞) by

S(x, y, z) = |x− y|+ |y − z|+ |z − x| for all x, y, z ∈ X.

Then (X,S) is an S-metric space.

Example 2.6. [22] Let X = Rn and let ∥ · ∥ be a norm on X. Define S : X ×X ×X → [0,+∞) by

S(x, y, z) = ∥x− z∥+ ∥y − z∥ for all x, y, z ∈ X.

Then (X,S) is an S-metric space.

Example 2.7. [22] Let X = Rn and let ∥ · ∥ be a norm on X. Define S : X ×X ×X → [0,+∞) as

S(x, y, z) = ∥y + z − 2x∥+ ∥y − z∥ for all x, y, z ∈ X.

Then (X,S) is an S-metric space.

Definition 2.8. [22] Let (X,S) be an S-metric space and {xn} be a sequence in X. Then

(a) A sequence {xn} converges to x if and only if for each ϵ > 0 there exists n0 ∈ N such that for all
n ≥ n0,

S(xn, xn, x) < ϵ

and we denote this by lim
n→∞

xn = x.

(b) A sequence {xn} in X is called a Cauchy sequence if for each ϵ > 0, there exists n0 ∈ N such that

S(xn, xn, xm) < ϵ for all n,m ≥ n0.

(c) The S-metric space (X,S) is said to be complete if every Cauchy sequence in X is converges to a point
in X.

Sedghi and Dung [23] established the following proposition, which shows that fixed point theorems in
S-metric spaces are equivalent to those in b-metric spaces.

Proposition 2.9. [23] Let (X,S) be an S-metric space and define

d(x, y) = S(x, x, y)

for all x, y ∈ X. Then we have

(i) d is a b-metric on X;
(ii) xn → x in (X,S) if and only if xn → x in (X, d);
(iii) {xn} is a Cauchy sequence in (X,S) if and only if {xn} is a Cauchy sequence in (X, d).
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Definition 2.10. Let (X, d) be a b-metric space and T be a self-mapping on X. Then T is said to satisfy a
generalized weak contraction of Type I, if

ψ
(
d(Tx, Ty)

)
≤ ψ

(
α1d(x, y) + α2d(x, Tx) + α3d(y, Ty)

)
− ϕ

(
α1d(x, y) + α2d(x, Tx) + α3d(y, Ty)

)
for all x, y ∈ X, where ϕ, ψ : [0,+∞) → [0,+∞) are non-decreasing functions satisfying:

(a) ϕ(t) = 0 if and only if t = 0,

(b) ψ(t) = 0 if and only if t = 0, and ψ(t1) ≤ ψ(t2) implies t1 ≤ t2, for all t1, t2 ∈ [0,+∞),

and αi ≥ 0 (i = 1, 2, 3) are constants.

Definition 2.11. Let (X, d) be a b-metric space and T be a self-mapping on X. Then T is said to satisfy a
generalized weak contraction of Type II if

ψ
(
d(Tx, Ty)

)
≤ ψ

(
α1d(x, y) + α2d(x, Ty) + α3d(y, Tx)

)
− ϕ

(
α1d(x, y) + α2d(x, Ty) + α3d(y, Tx)

)
for all x, y ∈ X, where ϕ, ψ : [0,+∞) → [0,+∞) are non-decreasing functions satisfying:

(a) ϕ(t) = 0 if and only if t = 0,

(b) ψ(t) = 0 if and only if t = 0, and ψ(t1) ≤ ψ(t2) implies t1 ≤ t2, for all t1, t2 ∈ [0,∞),

and αi ≥ 0 (i = 1, 2, 3) are constants.

3. Main Results

Now, we state our first result.

Theorem 3.1. Let (X, d) be a complete b-metric space with constant b ≥ 1 and let T : X → X be a self-
mapping satisfying a generalized weak contraction of Type I. Suppose that the constants αi ≥ 0 (i = 1, 2, 3)
are such that b(α1 + α2) + α3 < 1. Then T admits a unique fixed point in X.

Proof. Let x0 ∈ X be an arbitrary point. Since T : X → X, we can construct a sequence {xn} in X as
xn+1 = Txn, n = 0, 1, 2, · · · . Consider

ψ
(
d(xn, xn+1)

)
= ψ

(
d(Txn−1, Txn)

)
≤ ψ

(
α1d(xn−1, xn) + α2d(xn−1, Txn−1) + α3d(xn, Txn)

)
− ϕ

(
α1d(xn−1, xn) + α2d(xn−1, Txn−1) + α3d(xn, Txn)

)
= ψ

(
α1d(xn−1, xn) + α2d(xn−1, xn) + α3d(xn, xn+1)

)
− ϕ

(
α1d(xn−1, xn) + α2d(xn−1, xn) + α3d(xn, xn+1)

)
.

Since ϕ(t) ≥ 0 for all t ≥ 0, it follows that

ψ
(
d(xn, xn+1)

)
≤ ψ

(
α1d(xn−1, xn) + α2d(xn−1, xn) + α3d(xn, xn+1)

)
.

Since ψ(t1) ≤ ψ(t2) implies t1 ≤ t2, for all t1, t2 ∈ [0,+∞), it gives that

d(xn, xn+1) ≤ α1d(xn−1, xn) + α2d(xn−1, xn) + α3d(xn, xn+1).

It implies that

d(xn, xn+1) ≤
(
α1 + α2

1− α3

)
d(xn−1, xn).
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Put λ =
α1 + α2

1− α3
< 1, we obtain

d(xn, xn+1) ≤ λd(xn−1, xn). (1)

Similarly, we can show that
d(xn−1, xn) ≤ λd(xn−2, xn−1). (2)

Using (1) and (2), we get
d(xn, xn+1) ≤ λ2d(xn−2, xn−1).

By extending this argument through induction, we conclude

d(xn, xn+1) ≤ λnd(x0, x1).

Denote dn = d(xn, xn+1). Then, we have

dn ≤ λnd0 for all n ∈ N. (3)

Let m,n ∈ N with m > n. Then we have

d(xn, xm) ≤ b
(
d(xn, xn+1) + d(xn+1, xm)

)
= b d(xn, xn+1) + b d(xn+1, xm)

≤ b d(xn, xn+1) + b
{
b
[
d(xn+1, xn+2) + d(xn+2, xm)

]}
= b d(xn, xn+1) + b2d(xn+1, xn+2) + b2d(xn+2, xm)

≤ b d(xn, xn+1) + b2d(xn+1, xn+2) + · · ·+ bm−nd(xm−1, xm)

= bdn + b2dn+1 + b3dn+3 + · · · bm−ndm−1

≤ bdn + b2dn+1 + b3dn+3 + · · · .

Using (3), we obtain

d(xn, xm) ≤ b(λnd0) + b2(λn+1d0) + b3(λn+2d0) + · · ·

= b
(
1 + (λb) + (λb)2 + (λb)3 + · · ·

)
λnd0

= b

(
1

1− λb

)
λnd0.

As k < 1, taking the limit as n→ ∞, we get

lim
n,m→∞

d(xn, xm) = 0.

Therefore, {xn} is a Cauchy sequence in X. Since X is complete, there exists u ∈ X such that xn → u. We
claim that u is a fixed point of T . For this, consider

ψ
(
d(xn, Tu)

)
= ψ

(
d(Txn−1, Tu)

)
≤ ψ

(
α1d(xn−1, u) + α2d(xn−1, Txn−1) + α3d(u, Tu)

)
− ϕ

(
α1d(xn−1, u) + α2d(xn−1, Txn−1) + α3d(u, Tu)

)
≤ ψ

(
α1d(xn−1, u) + α2d(xn−1, xn) + α3d(u, Tu)

)
− ϕ

(
α1d(xn−1, u) + α2d(xn−1, xn) + α3d(u, Tu)

)
.

By the properties of ψ and ϕ, we obtain

d(xn, Tu) ≤ α1d(xn−1, u) + α2d(xn−1, xn) + α3d(u, Tu).
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Letting n→ ∞, we get
d(u, Tu) ≤ α1d(u, u) + α2d(u, u) + α3d(u, Tu).

This implies that (1 − α3)d(u, Tu) ≤ 0. Since, 0 ≤ α3 < 1, it follows that 1 − α3 > 0. Hence, we conclude
that d(u, Tu) ≤ 0. On the other hand, d(u, Tu) ≥ 0. Combining these inequalities yields d(u, Tu) = 0.
Therefore, Tu = u, which shows that u is a fixed point of T . Now, to prove uniqueness of a fixed point,
suppose that there exists v ∈ X with v ̸= u such that Tv = v. Consider

ψ
(
d(u, v)

)
= ψ

(
d(Tu, Tv)

)
≤ ψ

(
α1d(u, v) + α2d(u, Tu) + α3d(v, Tv)

)
− ϕ

(
α1d(u, v) + α2d(u, Tu) + α3d(v, Tv)

)
= ψ

(
α1d(u, v) + α2d(u, u) + α3d(v, v)

)
− ϕ

(
α1d(u, v) + α2d(u, u) + α3d(v, v)

)
= ψ(0)− ϕ(0)

= 0.

That is, ψ (d(u, v)) ≤ 0. However, ψ (d(u, v)) ≥ 0. Consequently, ψ (d(u, v)) = 0, which implies d(u, v) = 0.
Hence, u = v. This establishes the uniqueness of a fixed point.

Remark 3.2. If we define the functions ψ, ϕ : [0,+∞) → [0,+∞) by ψ(t) = t and ϕ(t) = 0 for all t ∈ [0,+∞)
in Theorem 3.1 and take constants α2 = α3 = 0, then Theorem 3.1 reduces to the Theorem 3.3 in [11].

Corollary 3.3. Let (X,S) be a complete S-metric space and T : X → X be a mapping satisfying

ψ (S(Tx, Tx, Ty)) ≤ ψ (α1S(x, x, y) + α2S(x, x, Tx) + α3S(y, y, Ty))

− ϕ (α1S(x, x, y) + α2S(x, x, Tx) + α3S(y, y, Ty))

for all x, y, z ∈ X, where ϕ, ψ : [0 +∞) → [0,+∞) be non-decreasing functions such that

(a) ϕ(t) = 0 if and only if t = 0,

(b) ψ(t) = 0 if and only if t = 0 and ψ(t1) ≤ ψ(t2) implies that t1 ≤ t2 for all t1, t2 ∈ [0,+∞)

and αi ≥ 0 (i = 1, 2, 3, 4) be such that α1 + α2 + α3 < 1. Then T admits a unique fixed point in X.

Proof. Let (X,S) be an S-metric space and define

d(x, y) = S(x, x, y) for all x, y ∈ X.

Then d is a b-metric on X. The proof of this Corollary follows from the Proposition 2.9.

Theorem 3.4. Let (X, d) be a complete b-metric space with constant b ≥ 1 and let T : X → X be a self-
mapping satisfying a generalized weak contraction of Type II. Suppose that the constants αi ≥ 0 (i = 1, 2, 3)
are such that α1 + b α2(b+ 1) + α3 < 1. Then T admits a unique fixed point in X.

Proof. Let x0 ∈ X be an arbitrary element. Since T : X → X, we construct a sequence {xn} in X as
xn+1 = Txn, n = 0, 1, 2, · · · . Consider

ψ
(
d(xn, xn+1)

)
= ψ

(
d(Txn−1, Txn)

)
≤ ψ

(
α1d(xn−1, xn) + α2d(xn−1, Txn) + α3d(xn, Txn−1)

)
− ϕ

(
α1d(xn−1, xn) + α2d(xn−1, Txn) + α3d(xn, Txn−1)

)
= ψ

(
α1d(xn−1, xn) + α2d(xn−1, xn+1) + α3d(xn, xn)

)
− ϕ

(
α1d(xn−1, xn) + α2d(xn−1, xn+1) + α3d(xn, xn)

)
= ψ

(
α1d(xn−1, xn) + α2d(xn−1, xn+1)

)
− ϕ

(
α1d(xn−1, xn) + α2d(xn−1, xn+1)

)
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Using properties of ψ and ϕ, we obtain

d(xn, xn+1) ≤ α1d(xn−1, xn) + α2d(xn−1, xn+1)

≤ α1d(xn−1, xn) + α2

{
b
[
d(xn−1, xn) + d(xn, xn+1)

]}
.

It implies that

d(xn, xn+1) ≤
(
α1 + bα2

1− bα2

)
d(xn−1, xn).

Put λ =
α1 + bα2

1− bα2
< 1, we obtain

d(xn, xn+1) ≤ λd(xn−1, xn). (4)

Similarly, we can show that
d(xn−1, xn) ≤ λd(xn−2, xn−1). (5)

Using (4) and (5), we get
d(xn, xn+1) ≤ λ2d(xn−2, xn−1).

By extending this argument through induction, we conclude

d(xn, xn+1) ≤ λnd(x0, x1).

Denote dn = d(xn, xn+1). Then, we have

dn ≤ λnd0 for all n ∈ N. (6)

Let m,n ∈ N with m > n. Then we have

d(xn, xm) ≤ b
(
d(xn, xn+1) + d(xn+1, xm)

)
= b d(xn, xn+1) + b d(xn+1, xm)

≤ b d(xn, xn+1) + b
{
b
[
d(xn+1, xn+2) + d(xn+2, xm)

]}
= b d(xn, xn+1) + b2d(xn+1, xn+2) + b2d(xn+2, xm)

≤ b d(xn, xn+1) + b2d(xn+1, xn+2) + · · ·+ bm−nd(xm−1, xm)

= bdn + b2dn+1 + b3dn+2 + · · · bm−ndm−1

≤ bdn + b2dn+1 + b3dn+2 + · · · .

Using (6), we obtain

d(xn, xm) ≤ b(λnd0) + b2(λn+1d0) + b3(λn+2d0) + · · ·

= b
(
1 + (λb) + (λb)2 + (λb)3 + · · ·

)
λnd0

= b

(
1

1− λb

)
λnd0.

As k < 1, taking limit as n→ ∞, we get

lim
n,m→∞

d(xn, xm) = 0.
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Therefore, {xn} is a Cauchy sequence in X. Since X is complete, there exists u ∈ X such that xn → u. We
claim that u is a fixed point of T . For this, consider

ψ
(
d(xn, Tu)

)
= ψ

(
d(Txn−1, Tu)

)
≤ ψ

(
α1d(xn−1, u) + α2d(xn−1, Tu) + α3d(u, Txn−1)

)
− ϕ

(
α1d(xn−1, u) + α2d(xn−1, Tu) + α3d(u, Txn−1)

)
≤ ψ

(
α1d(xn−1, u) + α2d(xn−1, Tu) + α3d(u, xn)

)
− ϕ

(
α1d(xn−1, u) + α2d(xn−1, Tu) + α3d(u, xn)

)
.

By the properties of ψ and ϕ, we obtain

d(xn, Tu) ≤ α1d(xn−1, u) + α2d(xn−1, Tu) + α3d(u, xn).

Letting n→ ∞, we get
d(u, Tu) ≤ α1d(u, Tu) + α2d(u, u) + α3d(u, u).

This implies that (1 − α2)d(u, Tu) ≤ 0. Since, 0 ≤ α2 < 1, it follows that 1 − α2 > 0. Hence, we conclude
that d(u, Tu) ≤ 0. On the other hand, d(u, Tu) ≥ 0. Combining these inequalities, we obtain d(u, Tu) = 0.
This implies that Tu = u, which shows that u is a fixed point of T . Now, to prove uniqueness of a fixed
point, suppose that there exists v ∈ X with v ̸= u such that Tv = v. Consider

ψ
(
d(u, v)

)
= ψ

(
d(Tu, Tv)

)
≤ ψ

(
α1d(u, v) + α2d(u, Tv) + α3d(v, Tu)

)
− ϕ

(
α1d(u, v) + α2d(u, Tv) + α3d(v, Tu)

)
= ψ

(
α1d(u, v) + α2d(u, v) + α3d(v, u)

)
− ϕ

(
α1d(u, v) + α2d(u, v) + α3d(v, u)

)
.

By the properties of ϕ and ψ, we obtain

d(u, v) ≤ (α1 + α2 + α3)d(u, v),

which is a contradiction, since α1+α2+α3 < 1. Hence, we must haveu = v. This establishes the uniqueness
of a fixed point.

Corollary 3.5. Let (X,S) be a complete S-metric space and T : X → X be a mapping satisfying

ψ (S(Tx, Tx, Ty)) ≤ ψ (α1S(x, x, y) + α2S(x, x, Ty) + α3S(y, y, Tx))

− ϕ (α1S(x, x, y) + α2S(x, x, Ty) + α3S(y, y, Tx))

for all x, y, z ∈ X, where ϕ, ψ : [0 +∞) → [0,+∞) be non-decreasing functions such that

(a) ϕ(t) = 0 if and only if t = 0,

(b) ψ(t) = 0 if and only if t = 0 and ψ(t1) ≤ ψ(t2) implies that t1 ≤ t2, for all t1, t2 ∈ [0,+∞)

and αi ≥ 0 (i = 1, 2, 3, 4) be such that α1 + 2α2 + α3 < 1. Then T admits a unique fixed point in X.

Proof. Let (X,S) be an S-metric space and define

d(x, y) = S(x, x, y) for all x, y ∈ X.

Then d is a b-metric on X. The proof of this Corollary follows from the Proposition 2.9.

Theorem 3.6. Let (X, d) be a complete b-metric space and T : X → X be a mapping such that:

ψ (bd(Tx, Ty)) ≤ ψ (M(x, y))− ϕ (M(x, y)) , (7)

for all x, y, z ∈ X, where b ≥ 1 is a given real number,

M(x, y) = max
{
d(x, y), d(x, Tx), d(y, Ty)

}
and ϕ, ψ : [0 +∞) → [0,+∞) be non-decreasing functions such that
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(a) ϕ(t) = 0 if and only if t = 0,

(b) ψ(t) = 0 if and only if t = 0 and ψ(t1) ≤ ψ(t2) implies that t1 ≤ t2 for all t1, t2 ∈ [0,+∞).

Then T has a unique fixed point in X.

Proof. Let x0 ∈ X be an arbitrary element. Since T : X → X, we define a sequence {xn} in X by
xn+1 = Txn, n = 0, 1, 2, · · · . Consider

ψ
(
b d(xn, xn+1)

)
= ψ

(
b d(Txn−1, Txn)

)
≤ ψ

(
M(xn−1, xn)

)
− ϕ

(
M(xn−1, xn)

)
, (8)

where

M(xn−1, xn) = max
{
d(xn−1, xn), d(xn−1, Txn−1), d(xn, Txn)

}
= max

{
d(xn−1, xn), d(xn−1, xn), d(xn, xn+1)

}
= max

{
d(xn−1, xn), d(xn, xn+1)

}
.

Case(i). If M(xn−1, xn) = d(xn, xn+1), then inequality (8) implies that

ψ
(
b d(xn, xn+1)

)
≤ ψ

(
d(xn, xn+1)

)
− ϕ

(
d(xn, xn+1)

)
.

Using property of ϕ and ψ, we obtain

b d(xn, xn+1) ≤ d(xn, xn+1),

which is not possible, since b ≥ 1 and d(xn, xn+1) ≥ 0.
Case(ii). If M(xn−1, xn) = d(xn−1, xn), then from inequality (8), we obtain

ψ
(
b d(xn, xn+1)

)
≤ ψ

(
d(xn−1, xn)

)
− ϕ

(
d(xn−1, xn)

)
.

Since ϕ(t) ≥ 0, for all t ≥ 0, it follows that

ψ
(
b d(xn, xn+1)

)
≤ ψ

(
d(xn−1, xn)

)
.

Using the fact that ψ is order-preserving, we get

b d(xn, xn+1) ≤ d(xn−1, xn) for all n ∈ N.

That is,
d(xn, xn+1) ≤ b d(xn, xn+1) ≤ d(xn−1, xn) for all n ∈ N.

Denote dn = d(xn, xn+1). Then we have

dn ≤ dn−1 for all n ∈ N.

Therefore, the sequence {dn} is non-increasing sequence and bounded below by 0, so it converges to some
limit L ≥ 0. If L > 0, then we have

ψ
(
b d(xn, xn+1)

)
≤ ψ

(
d(xn−1, xn)

)
− ϕ

(
d(xn−1, xn)

)
.

Applying the limit as n→ ∞, we obtain

ψ(bL) ≤ ψ(L)− ϕ(L) < ψ(L),
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which is impossible. Therefore, there is only one possibility L = 0. That is,

lim
n→∞

dn = lim
n→∞

d(xn, xn+1) = 0.

Now, we claim that {xn} is a Cauchy sequence. Suppose {xn} is not Cauchy. Therefore, for given ϵ > 0, we
can find subsequences {xm(k)} and {xn(k)} of {xn} with n(k) > m(k) > k such that

d
(
xm(k), xn(k)

)
≥ ϵ and d

(
xm(k), xn(k)−1

)
< ϵ. (9)

Then

ϵ ≤ d
(
xm(k), xn(k)

)
≤ b d

(
xm(k), xm(k)−1) + b d(xm(k)−1, xn(k)

)
≤ b d

(
xm(k), xm(k)−1

)
+ b2d

(
xm(k)−1, xn(k)−1

)
+ b2d

(
xn(k)−1, xn(k)

)
.

Also,

ϵ

b2
≤ lim

k→∞
d
(
xm(k)−1, xn(k)−1

)
≤ lim

k→∞
sup d

(
xm(k)−1, xn(k)−1

)
≤ b lim

k→∞
sup d

(
xm(k)−1, xm(k)

)
+ b lim

k→∞
sup d

(
xm(k), xn(k)−1

)
≤ bϵ.

Thus, we have

ϵ

b2
≤ lim

k→∞
inf d

(
xm(k)−1, xn(k)−1

)
≤ lim

k→∞
sup d

(
xm(k)−1, xn(k)−1

)
≤ bϵ.

Now, by setting x = xm(k)−1 and y = xn(k)−1 in (7), we obtain

ψ
(
b d

(
xm(k), xn(k)

))
= ψ

(
b d

(
Txm(k)−1, Txn(k)−1

))
≤ ψ

(
M

(
xm(k)−1, xn(k)−1

))
− ϕ

(
M

(
xm(k)−1, xn(k)−1

))
, (10)

where

M
(
xm(k)−1, xn(k)−1

)
= max

{
d
(
xm(k)−1, xn(k)−1

)
, d

(
xm(k)−1, Txm(k)−1

)
, d

(
xn(k)−1, Txn(k)−1

)}
= max

{
d
(
xm(k)−1, xn(k)−1

)
, d

(
xm(k)−1, xm(k)

)
, d

(
xn(k)−1, xn(k)

)}
. (11)

Taking limit as k → ∞ and applying (10), (11), we obtain

ψ(bϵ) ≤ ψ
(
max

{
bϵ, 0, 0

})
− ϕ

(
max

{
bϵ, 0, 0

})
.

That is,
ψ(bϵ) ≤ ψ(bϵ)− ϕ(bϵ) < ψ(bϵ),

which is a contradiction. Therefore, {xn} is a Cauchy sequence in X. Since X is complete, there exists
u ∈ X such that xn → u. We claim that u is a fixed point of T . For this, consider

ψ
(
b d(xn+1, Tu)

)
= ψ

(
b d(Txn, Tu)

)
≤ ψ

(
M(xn, u)

)
− ϕ

(
M(xn, u)

)
,

where

M(xn, u) = max
{
d(xn, u), d(xn, Txn), d(u, Tu)

}
= max

{
d(xn, u), d(xn, xn+1), d(u, Tu)

}
.
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Taking the limit as n→ ∞, we obtain

ψ
(
b d(u, Tu)

)
≤ ψ

(
max

{
d(u, u), d(u, u), d(u, Tu)

})
− ϕ

(
max

{
d(u, u), d(u, u), d(u, Tu)

})
= ψ

(
max

{
0, 0, d(u, Tu)

})
− ϕ

(
max

{
0, 0, d(u, Tu)

})
.

That is,
ψ (b d(u, Tu)) ≤ ψ (d(u, Tu))− ϕ (d(u, Tu)) .

In view of the properties of ψ and ϕ, we get b d(u, Tu) ≤ d(u, Tu). This is possible only when d(u, Tu) = 0.
Consequently, Tu = u. Thus, u is a fixed point of T . Now, to prove uniqueness of a fixed point, suppose
that there is v ∈ X with v ̸= u such that Tv = v. Then

ψ
(
b d(u, v)

)
= ψ

(
b d(Tu, Tv)

)
≤ ψ

(
M(u, v)

)
− ϕ

(
M(u, v)

)
,

where

M(u, v) = max
{
d(u, v), d(u, Tu), d(v, Tv)

}
= max

{
d(u, v), d(u, u), d(v, v)

}
= max

{
d(u, v), 0, 0

}
= d(u, v).

Thus,
ψ
(
b d(u, v)

)
=≤ ψ

(
d(u, v)

)
− ϕ

(
d(u, v)

)
.

Using the properties of ψ and ϕ, we obtain b d(u, v) ≤ d(u, v), which is not possible unless d(u, v) = 0.
Consequently, u = v. This establishes the uniqueness of a fixed point.

Corollary 3.7. Let (X,S) be a complete S-metric space and T : X → X be a mapping such that:

ψ (S(Tx, Tx, Ty)) ≤ ψ (M(x, x, y))− ϕ (M(x, x, y))

for all x, y, z ∈ X, where

M(x, x, y) = max {S(x, x, y), S(x, x, Tx), S(y, y, Ty)}

and ϕ, ψ : [0 +∞) → [0,+∞) be non-decreasing functions such that

(a) ϕ(t) = 0 if and only if t = 0,

(b) ψ(t) = 0 if and only if t = 0 and ψ(t1) ≤ ψ(t2) implies that t1 ≤ t2 for all t1, t2 ∈ [0,+∞).

Then T admits a unique fixed point in X.

Proof. Let (X,S) be an S-metric space and define

d(x, y) = S(x, x, y) for all x, y ∈ X.

Then d is a b-metric on X. The proof of this Corollary follows from the Proposition 2.9.

Example 3.8. Let X = R and define d : X ×X → [0,+∞) by d(x, y) =| x− y |2. Then d is a b-metric on
X with coefficient b = 22−1 = 2. Define a mapping T : X → X by

Tx =
x

3
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Now,

d(Tx, Ty) =| Tx− Ty |2=
∣∣∣x
3
− y

3

∣∣∣2 = 1

9
| x− y |2 .

Choose the constants

α1 =
1

4
, α2 = 0 = α3 such that b(α1 + α2) + α3 = 2

(
1

4
+ 0 + 0

)
=

1

2
< 1.

Let the functions ψ, ϕ : [0,+∞) → [0,+∞) be defined by

ψ(t) = t and ϕ(t) =
t

2
.

Therefore,

ψ (d(Tx, Ty)) = d(Tx, Ty) =
1

9
| x− y |2 . (12)

Moreover, we observe that

α1d(x, y) + α2d(x, Tx) + α3d(y, Ty) = α1d(x, y) + 0 + 0 =
1

4
| x− y |2 .

Hence,

ψ (α1d(x, y) + α2d(x, Tx) + α3d(y, Ty))− ϕ (α1d(x, y) + α2d(x, Tx) + α3d(y, Ty))

= ψ

(
1

4
| x− y |2

)
− ϕ

(
1

4
| x− y |2

)
=

1

4
| x− y |2 −1

2

(
1

4
| x− y |2

)
=

1

8
| x− y |2> 1

9
| x− y |2= ψ (d(Tx, Ty)) .

Therefore,

ψ (d(Tx, Ty)) ≤ ψ (α1d(x, y) + α2d(x, Tx) + α3d(y, Ty))− ϕ (α1d(x, y) + α2d(x, Tx) + α3d(y, Ty)) .

Thus, all the conditions of Theorem 3.1 are satisfied. Consequently, T has a unique fixed point x = 0 ∈ X.

Example 3.9. Let X = Rn and let ∥ · ∥ be a norm on X. Consider an S-metric on X defined by

S(x, y, z) = ∥x− z∥+ ∥y − z∥ for all x, y, z ∈ Rn.

Define the mapping T : X → X by
T (x) =

x

5
.

Choose constants
α1 =

1

2
, α2 = α3 =

1

8
, so that α1 + α2 + α3 =

3

4
< 1.

Let the functions ϕ, ψ : [0 +∞) → [0,+∞) be defined by

ψ(t) = t and ϕ(t) =
t

2
.

Now,

S(Tx, Tx, Ty) = ∥Tx− Ty∥+ ∥Tx− Ty∥

=
∥∥∥x
5
− y

5

∥∥∥+
∥∥∥x
5
− y

5

∥∥∥
=

2

5
∥x− y∥.
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Therefore,

ψ (S(Tx, Tx, Ty)) = ψ

(
2

5
∥x− y∥

)
=

2

5
∥x− y∥. (13)

Now,

S(x, x, Tx) = ∥x− Tx∥+ ∥x− Tx∥

= 2
∥∥∥x− x

5

∥∥∥
=

8

5
∥x∥.

Similarly, we can show that S(y, y, Ty) =
8

5
∥y∥. Consequently,

α1S(x, x, y) + α2S(x, x, Tx) + α3S(y, y, Ty) =
1

2
(2∥x− y∥) + 1

8

(
8

5
∥x∥

)
+

1

8

(
8

5
∥y∥

)
= ∥x− y∥+ 1

5
(∥x∥+ ∥y∥) .

Therefore,

ψ (α1S(x, x, y) + α2S(x, x, Tx) + α3S(y, y, Ty))− ϕ (α1S(x, x, y) + α2S(x, x, Tx) + α3S(y, y, Ty))

= ψ

(
∥x− y∥+ 1

5
(∥x∥+ ∥y∥)

)
− ϕ

(
∥x− y∥+ 1

5
(∥x∥+ ∥y∥)

)
= ∥x− y∥+ 1

5
(∥x∥+ ∥y∥)− 1

2

(
∥x− y∥+ 1

5
(∥x∥+ ∥y∥)

)
=

1

2
∥x− y∥+ 1

10
(∥x∥+ ∥y∥) (14)

Using inequalities (13) and (14), we deduce that

ψ (S(Tx, Tx, Ty)) =
2

5
∥x− y∥

≤ 1

2
∥x− y∥+ 1

10
(∥x∥+ ∥y∥)

= ψ (α1S(x, x, y) + α2S(x, x, Tx) + α3S(y, y, Ty))

− ϕ (α1S(x, x, y) + α2S(x, x, Tx) + α3S(y, y, Ty)) .

That is,

ψ (S(Tx, Tx, Ty)) ≤ ψ (α1S(x, x, y) + α2S(x, x, Tx) + α3S(y, y, Ty))

− ϕ (α1S(x, x, y) + α2S(x, x, Tx) + α3S(y, y, Ty)) .

Hence, all the assumptions of Corollary 3.3 are satisfied and it follows that the mapping T has a unique fixed
point x = 0 ∈ X.

4. Application to Integral Equation

Consider the integral equation

x(t) =

∫ 1

0
K
(
t, s, x(s)

)
ds+ g(t), t ∈ [0, 1]
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where K : [0, 1] × [0, 1] × R → R and g : [0, 1] → R are continuous functions. Let X = C
(
[0, 1],R

)
be the

space of all continuous real-valued functions on [0, 1], equipped with the supremum norm

∥x∥ = sup
t∈[0,1]

|x(t)|.

Let X = Rn and consider the S-metric on X defined by

S(x, y, z) = ∥x− z∥+ ∥y − z∥ for all x, y, z ∈ X.

Define the operator T : X → X by

(Tx)(t) =

∫ 1

0
K
(
t, s, x(s)

)
ds+ g(t) where t ∈ [0, 1].

Assume that there exists a constant L ∈ (0, 1) such that

|K(t, s, u)−K(t, s, v)| ≤ L|u− v|

for all t, s ∈ [0, 1] and u, v ∈ R. Then for any x, y ∈ X, we have

|Tx(t)− Ty(t)| =
∣∣∣∣∫ 1

0

(
K
(
t, s, x(s)

)
−K

(
t, s, y(s)

))
ds

∣∣∣∣
≤

∫ 1

0

∣∣K(
t, s, x(s)

)
−K

(
t, s, y(s)

)∣∣ ds
≤

∫ 1

0
L|x(s)− y(s)| ds

≤ L∥x− y∥.

Taking supremum over t ∈ [0, 1], we obtain

∥Tx− Ty∥ ≤ L∥x− y∥.

Hence,

S(Tx, Tx, Ty) = ∥Tx− Ty∥+ ∥Tx− Ty∥
= 2∥Tx− Ty∥
≤ 2L∥x− y∥
= LS(x, x, y).

Thus, S(Tx, Tx, Ty) ≤ LS(x, x, y). Now, consider the functions ϕ, ψ : [0 +∞) → [0,+∞) defined by

ψ(t) = t and ϕ(t) = δt,

where δ ∈ (0, 1 − L). Clearly, ψ and ϕ satisfy all the required conditions of the Corollary 3.3. Choose the
constants

α1 =
L

1− δ
, α2 = 0, α3 = 0.

Then clearly α1 + α2 + α3 =
L

1− δ
< 1. Now,

ψ
(
α1S(x, x, y)

)
− ϕ

(
α1S(x, x, y)

)
= α1S(x, x, y)− δα1S(x, x, y)

= (1− δ)α1S(x, x, y)

= LS(x, x, y).

Thus,
ψ
(
S(Tx, Tx, Ty)

)
≤ ψ

(
α1S(x, x, y)

)
− ϕ

(
α1S(x, x, y)

)
,

which shows that all the conditions of Corollary 3.3 are satisfied. Therefore, the operator T has a unique
fixed point in X. Consequently, the given integral equation has a unique solution in C

(
[0, 1],R

)
.
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5. Conclusion

In this paper, we have established several fixed point results for generalized weak contractions of Type I
and Type II in b-metric spaces. Also, we have derived analogous results in S-metric spaces. Some examples
are given to support the results. Furthermore, an application to integral equation shows the usefulness of
our result in ensuring the existence and uniqueness of solution.
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