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1. Introduction

Fractional calculus has become a very important tool in modeling of many phenomena in applications
and sciences such as physics, biology, finance, engineering, stability, controllability and rheology. It can
better describe the memory properties of the physical process than the standard integer order calculus. For
more details on the applications of fractional calculus, the reader is directed to the books of Baleanu et al.
[3], Benchohra et al. [1, 6, 7, 8], Graef et al. [11] and [26, 27]. In [2, 4, 5, 12, 13], the authors presented some
results on the fractional differential equations. Salim et al. [15, 16, 22, 23, 24, 25] addressed the existence,
stability, and uniqueness of solutions for diverse problems with fractional differential equations using various
fractional derivatives and different types of conditions.

The authors of [4] studied the existence of solution for the following boundary value problem:

§CDLp(0) = 9(0,0(0)), 0 €6 :=[0,5],
0(0) = o, () = ¢,
where gCDJV{ is a Riesz-Caputo derivative of order 0 < v < 1, g : ©® x R — R a continuous function and

00, @, € R. Their arguments are based on Leray-Schauder fixed point theorem, and Schauder’s fixed point
theorem.

In [17], Li and Wang discussed the following fractional problem:

(?CD’ly(p(a) = \11(97 @(e))v NS [07 1]7 0<~y <1,
©(0) =a, (1) =bp(n),

where ' D7 is the Riesz-Caputo derivative, ¥ € C(]0,1]x [0, 4+00),[0,+0)),0 < n < 1l,a > 0,0 < b < 2.
They found the positive solutions by applying the technique of monotone iterative.

Naas et al. [19] investigated the existence and uniqueness results of the following fractional differential
equation with the Riesz-Caputo derivative:

{ RCDYs(0) +F (0, 5(0), F°Ds3(0)) = 0,60 € J := (0,71,
#(0) + 2(T) =0, ux(0)+0s/(T)=0,

where 1 < ¥ < 2 and ,0 < ¢ < 1,RCD’7'1 is the Riesz-Caputo fractional derivative of order k € {9,¢},
5 :J xR xR — R, is a continuous function, and p, o are nonnegative constants with g > o. The existence
and uniqueness of solutions of the above cited problem are demonstrated with the Riesz-Caputo derivatives
via Banach’s, Schaefer’s, and Krasnoselskii’s fixed point theorems.

In this paper, we study the existence and uniqueness of periodic solutions for the problem with the
Riesz-Caputo fractional derivative:

0CDExX(0) = £ (6, x(8), 5D x(0)) 6 €I :=]0,b], (1)

x(0) = x(b), (2)

where 0 < a < 1,, (}){C o> is the Riesz-Caputo fractional derivative, f :J x R? — R is continuous function.

The structure of this paper is as follows: Section 2 presents certain notations and preliminaries about
the Riesz-Caputo fractional derivative used throughout this manuscript. In Section 3, we present existence
and uniqueness result for the problem (1)-(2) that are based upon the coincidence degree theory of Mawhin.
Ultimately, numerical examples are furnished to demonstrate our outcomes.
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2. Preliminaries

First, we give the definitions and the notations that we will use throughout this paper. We denote by
C(J,R) the Banach space of all continuous functions from J into R with the following norm

[flloo = sup{[f()]}.
ey

Definition 2.1. [14] Let o > 0. The left and right Riemann-Liouville fractional integrals of a function
X € C (J,R), of order «v are given respectively by

0
oTg(6) = F(la) / (6 — ) \x(s)ds, (3)
and
b
JTox(0) = F(la) /0 (s — )71 x(s)ds. (4)

where ¢Zg' and ¢Zg', are the left and right fractional integrals of Riemann-Liouville.

Definition 2.2. [9] Let a > 0. The Riesz fractional integral of a function x € C (J,R), of order « is defined
by

a I ae
STI0) = o [ 10— s s
Remark 2.3. From equations (3) and (4) it follows that

CIix(9) = %@I:x(e) +oly'x(0), 0 €3 (5)

Definition 2.4. [14] Let o € (n,n+1], n € N. The left and right Caputo fractional derivatives of a function
x € C"T1(3,R), of order « are given respectively by

0
6 DG x(0) = F(n—i—ll—a)/o (0 — 5)" X"t (s)ds, (6)
and
_1\n+1 b
§ Oy x(0) = F(fz—l})l—a)/e (s — )"~ (5)ds. (7)

Lemma 2.5. ([1/] See Corollary 2.3) Let x € C" (J,R), and a € (n,n + 1], n € N, then the Caputo
fractional differentiation operators g@g‘ and g@ﬁ, are bounded from the space C™ (J,R). Moreover,

1§28 xllcn < Kallxlon
and
19D on < kallxllcon,

where
bnfa

Fo = 'n—a)(n—a+1)

In the particular case 0 < o < 1, we have:

C
1608 Xlloo < Fallx|loo
and

C
16 Dp lloo < Fallxlloo;

where
bl—oc

rl—a)2—a)

ko =
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Remark 2.6. ([21] See Section 2.4) The Caputo derivative of a constant is equal to zero.

Definition 2.7. [9](fractional derivatives in the sense of Riesz and Riesz-Caputo). Let x € C"*! (J,R),
and a € (n,n + 1], n € N, the Riesz fractional derivative g@g‘ and the Riesz-Caputo fractional derivative
(}]%C@g‘ of order «a are defined by

1 d\" [°
Reyo _ ynRAn—«a _ el _ on—a—1
F050(0) =290 = s (g) [ 10 s )

and

1 b d\"
RC oy« _ RAn—amyn _ _ on—a—1 [ %
FODR0) =53 = ot [0 () xelas )

d n
h "= — .
where © <d9)

Remark 2.8. [9] Using equations (5) and (6)-(9) it follows that

FDRX(0) = 5 (0D5X(0) + (~1)"0Dx(®))

and

FDN0) = 5 (§D5x(0) + (-1)"§D4x(0))

In the particular case 0 < a < 1, we have:

EDGx(6) = 5 (0D5x(0) ~ D))

and

FCDg(0) = 3 (FD5x(60) ~ §D3x(0)) (10)

Remark 2.9. By Lemma 2.5 and (10) we have

LS c
< 5[\|05‘33X”oo+\|9 o xlloo]

blfa
< FroaEmay e

I1FDE x oo

Lemma 2.10. [1/] If x € C""1 (3, R), and a € (n,n + 1], then we have

" &) (o
~O a X
35050 = x(0) - > P~ 0,
k=0

and
—1) () (p
00 gy

M=

6T56 D x(0) = (—=1)" 1 |x(0) —

o~
Il
o

Consequently, we may have

—_

6950 Dex(8) = 5 [0T5EDEX(8) + (=1)" eI DEX(0)] -

[\)

In particular, if 0 < a < 1, then we obtain

FRECDEN(6) = x(0) — 5 [x(0) + x(b)].
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Lemma 2.11. If y € C' (J,R) and 0 < o < 1, then by (9) we have
0CDEGIex(0) = §TDGTEN()
= 0303 )
= x(0).
Lemma 2.12. If y € C' (J,R) and 0 < a < 1, then we have
BCDev(0) = 0 = x(h) = constant, 6 € 3.
Proof. Let x € C' (J,R) and @ € J, then by Definitions 2.4 and Remark 2.8, we have
CODEN(0) =0 = FDGX(0) — FDFx(0) =0

= M [/09(0 —5)7/(s)ds + /:(s —0)"*Y/(s)ds| =0

b
+ [O0=9 0+ () e)s =0

= X/(e) =0, 0637

= x = constant.
Conversly, if x = constant for all § € J, then by Remark 2.9 we have
BN (0) =0, 6 € 3.

Which completes the proof.
We will present definitions and the coincidence degree theory that are essential in proofs of our results,
see [10, 18].

Definition 2.13. We consider the normed spaces X and ). A Fredholm operator of index zero is a linear
operator £ : Dom(£) C X — Y such that

a) oimker £ = codimImgg < +o0.
b) Jmgf is a closed subset of V.
By Definition 2.13, there exist continuous projectors @ : Y — Y and P : X — X satisfying
Jmgl =ker @, kerf =TmgP, YV =0TmgQaImgl, X =kerP & kerkL.
Thus, the restriction of £ to Dom£ Nker P, denoted by £p, is an isomorphism onto its image.

Definition 2.14. Let Q C X be a bounded subset and £ be a Fredholm operator of index zero with
Dom£N QN # (. Then, the operator N : Q — ) is called to be £—compact in € if

a) the mapping QN : Q — ) is continuous and QN (ﬁ) C Y is bounded.
b) the mapping (£p)~" (id — Q)N : Q@ — X is completely continuous.

Lemma 2.15. [20] Let X,)Y be a Banach spaces, Q@ C X a bounded open set and symmetric with 0 € .
Suppose that £ : Dom& C X — Y is a Fredholm operator of index zero with Dom£NQ # 0 and N : X — Y
is a £—compact operator on Q. Assume, moreover, that

L — Nz # —((Lx+ N(—x)),

for any x € Dom& N I and any ¢ € (0,1], where N is the boundary of Q0 with respect to X. If these
conditions are verified, then there exist at least one solution of the equation £x = Nz on Dom£ N K.
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3. Main Results

Let the spaces
X ={xeC@FR) :x0) ={gv®):ve [ R) andd € J},

and
Y =C(J,R),
be endowed with the norms
Ixllx = lIxlly = sup [x(0)]-
ey

We give now the definition of the operator £ : Dom£ C X — Y
£y = 89y,

where

Domf& ={x e X:Lxe)Yand x(0) = x(b)}.
Lemma 3.1. Using the definition of £ given in (11). Then
ker £ = {x € X : x(0) = x(0), 6 € 3},

and

Jmgl = {v eY: /0b [(6—s)* 1 = s> u(s)ds = o} .

(11)

Proof. By Lemma 2.12, we have for all y € Dom& C X the equation £x(0) = F°Dx(#) = 0 in J, has

a solution of the form

then
ker £ ={x € X : x(0) = x(0), 0 € 3} .

For v € JmgL, there exists x € Dom& such that v = £x € ). Using Lemma 2.10, we obtain for every 6 € J:

X(0) = 00+ x(®) + EZ50(6)

1

10 o
= SO0+ + s [ s ()

Since x € Dom£&, then we have x(0) = x(b). Thus

b
/ (6 —5)* 1 — s> u(s)ds = 0.
0

Furthermore, if v € ), and satisfies

b
/0 [(b—s)*! — s> u(s)ds = 0,

(12)

for any x(f) € X and by the definition of the space X, then x(0) = ORI,?‘U(H), using Lemma 2.11, we get

v(8) = ¢DEx(6) = Lx(6).

On the other hand, for each 6 € J, we have

b
X(0) = §T500) = s [ 10— s" o(s)as.
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Which implies that
1 b
x(0) = / sy (s)ds
L(a) Jo

and
1

b
— — $)* u(s)ds
| et

b
x(b) — x(0) = 1“(1)/0 [(b— )27t — 521 w(s)ds.

x(b) =
then

(0}

And by (12), we obtain

Therefore x € Dom&L. So v € JmgL.
Hence

b
Jmgl = {’U ey: / [(b— syt — 50‘_1] v(s)ds = O}.
0
Which completes the proof.

Lemma 3.2. Let £ be defined by (11). Then £ is a Fredholm operator of index zero, and the linear
continuous projector operators Q@ :Y — Y and P : X — X can be written as

_ 1 b a—1__ _a—1
Qu w(b)/o [(b—s) s u(s)ds,
where )
w(b) = I I
CEFRCES Jd
And

Furthermore, the operator 27;1 :Jmgl — X Nker P can be written by
£51(v)(0) = fTgv(0), 0 € 3.

Proof. Obviously, for each v € Y, Q*v = Qu and v = Q(v) + (v — Q(v)), where (v — Q(v)) € ker Q =
Jmgl.
Using the fact that Jmg€ = ker Q and Q? = Q then Jmgg€ N ImgQ = 0. So,

Y =TJmgfl & ImgQ.

By the same way we get that JmgP = ker £ and P? = P. It follows for each x € X, that x = (x — P(x)) +
P(x) then X = ker P + ker £. Clearly we have ker P Nker £ = 0. So

X =kerP @ ker L.

Using Rank—nullity theorem, we get :

codimIJmge = dim) — dim Jmgfg
= [dimker Q 4+ dim JmgQ] — dim Jmg¥L,

and since Jmgf = ker Q, then

cooimJImgfl = dim JmgQ. (13)
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Using also Rank—nullity theorem, we obtain
dimker £ = dim X — dim Jmgf = codimImgL,

which implies that

dim ker £ = codimImgg. (14)
By (13) and (14) we have:

dim ker £ = codimImgL = dim ImgQ,
and since dim JmgQ < oo, then

dim ker £ = co0imImgf < oo.

And since Jmg£ is a closed subset of ), then £ is a Fredholm operator of index zero.
Now, we will show that the inverse of £|pomenkerp 18 27;1. Effectively, for v € Jmgf, by Lemma 2.11,
we have

285! (v) = {05 (FIgv) = v. (15)
Furthermore, for x € Dom£ Nker P we get
— (6% (0% 1 ~
£5'8x(0) = (T FCDEN(0) = x(0) — 5 (x(0) + x(1)), 0 €3.
Using the fact that xy € Dom£ N ker P, then
x(0) = x(b) =0

Thus,
£5'8(x) = x. (16)

Using (15) and (16) together, we get 8731 = (£| pomerkerp) . Which completes the demonstration.
Let the following hypothesis:

(H1) There exist positive constants v, and 8 with
[£(0,x,v) = f(0,%,0) <vIx — x|+ Blv—vl,
for every 6 € J and x, x,v, 0 € R.
Define N : X — Y by
Nx(0) = £ (0,x(0),¢“Dx(9)) , 0 €.
Then the problem (1)-(2) is equivalent to the problem £y = Nx.

Lemma 3.3. Suppose that (H1) is satisfied then, for any bounded open set Q C X, the operator N is
£—compact.

Proof. We consider for M > 0 the bounded open set @ = {x € X : ||x||x < M}. We split the proof
into three steps:

Step 1: ON is continuous.
Let (vn),cn be a sequence such that v, — v in ), thus for 6 € J, we have

| QN (vn)(0) — QN (v)(0)]
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b
1[])/0 [(6—5)* 1 = s> N (ua) () — N(v)(s)| ds.

o (
By (HI) and Remark 2.9 we have
QN (vn)(8) — QN (v)(0)]
0 ' — ) — s u.(s) — v(s)| ds
< s [ e Jlen(s) = v(s)] d

=)
B « [0
+ (b)/ [(b— ”RCQ (?C’va(s)‘ds
ﬁ 1 «@ Y

(7 )) o — lly.

Thus ﬁbl_o‘
sup [ QN (11)(6) ~ NI < (14 Loz = ) I~ vl

and hence

|ON (vn) — QN (V) |ly — 0 as n — +o0.

We deduce that QN is continuous.

Step 2: ON(Q) is bounded
For § € J and v € ), we have

1 b
VIO < s [ (0= =5 Wiw)s)lds
1 ° a—1 a—1 RC ey
< o [ =9 = I (s0(e). D)
b
+w}b)/0 [(b— 5 — 5271 | (5,0,0)|ds
b
< P [ o= = o) as
b
+w€b)/0 [(b—s)o‘_l s HOCQE‘U !ds

. IBblfa
S e <”+r<1—a><2—a>>M’

where f* =sup|f(6,0,0)|.

0ey
Thus
sup [QN)0) < 1+ (7 + L )
P s M-we-—w)™"
which implies that
. Bblfa
Ny < 1+ (14 L= ) M

So, ON(Q) is a bounded set in V.

- f(87 07 0)’d8
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Step 3: £5'(id — QN : Q — X is completely continuous.
We will use the Arzela-Ascoli theorem, so we have to show that £5'(id — QN(Q) C X is equicontinuous
and bounded. Firstly, for any x € Q2 and 0 € J, we get

5 (Wx(0) - eNx(6)

= 8721 (6, x(0), §“Dpx(9))

b
- w}b) /0 [(6 = 57 = "] £ (5,x(5), £°DEx(s)) ds]
1 b
= Fa7 | 10— (oo, FODR () s

o« — 9™ b
OO [ o= 0 =] 5 (5 D) .

For all xy € , and 6 € J we get
1251 (id — QNX(0)]

b
< F(la)/o |9—3|a_1‘f(8,x(8),RC®§‘x(s)) — f(s,0,0)‘ds
b
+I‘(104)/0 ]9—s]a_1|f(s,0,0)\ds
bo b o o
e J, [0 o
17 (5 X(3) $ODEX(S)) = £(5,0,0) s
a b
+F(Oé+b1)W(b)/0 [(b — S)a_l — Sa_l] |f(8,0,0)|d5,
* [y QL b
< r?ifn + F(Va)/o 16— 51 x(s)| ds

18 b a— «
+I’(oz)/o 10 — s| 1 ‘é%c@hx(s)‘ds
,yboz b

— )l ol s)|ds
+F(a+1)w(b)/0 [(b—s) | Ix(s)ld

6o g P
+F(a+1)w(b)/0 [(b—s)27" =" [FCDEx(s)] ds

2 f*be 267 Bl
Tat+1) T+l (’Y‘l‘ T(1—a)(2 —a)> M,

Which implies that

1 Qf*ba 2pe ﬁbl_a
w87 - MO < T+ e (7 T e M

Therefore

p 2/*b" 26° poi e
125 Gd = QNXlx < F0 71 * T 1) (7 TTa-ae- a)) M

This means that £5'(id — Q)N(Q) is uniformly bounded in X.
It remains to show that S;I(id — Q)N(Q) is equicontinuous.
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For 0 < f; < 5 < b and x € €, we have

€5 (id — QN'x(62) — £5" (id — QN x(61)]

< ri [l = 09 Gonto. 8D as
168 — 051 +1(b — 02)° — (b — 62)°
* 9T (a + 1) (b)
/b[w—s) = 52U |f (5.x(9), HODG x(5) [as
< oo [ - (&—s)a*l\
(f 5. X(5), §DFx(5)) = £(5,0,0)|ds
b
+F(oz)/0 (02— 5)°7 = (01 = 5)°7|| £(5,0,0)|as
05 — 07+ (6 — 02) = (b —01)°]| o
LA e }/0 (o= 8 =]
£ (5:x(), D5 x(s) — £(5,0,0)|ds
05 — 07+ 1(6 = 02)° = (b — 01)°
J : 1J2FF(a+12)w(b) 1 }/ob[(b‘s)al‘sm] £(5,0.0)[ds
L 1S =694 10— 62) — (6 61)°)
S T R ‘d‘H o (a+ 1)

( 1_21 - )> [FJ(\;I) /;‘(92—3)0‘_1_(01—8)0‘—1‘618

M]165 = 65 + (6 — 02) — (b — em}]

2I' (a4 1)

The operator 27_)1(id — Q)N(9Q) is equicontinuous in X because the right-hand side of the above inequality
tends to zero as 01 — 65 and the limit is independent of y. The Arzela-Ascoli theorem implies that

(zd Q)N (Q) is relatively compact in X. As a consequence of steps 1 to 3, we get that A is £—compact
in Q Which completes the demonstration.

Lemma 3.4. Assume (H1). If the condition

pe ﬁblfa 1
z 17
T(a+1) <7+r(1—a)(2—a)><2’ (17)
is satisfied, then there exists A > 0, which is independent of , such that,

L(x) —Nx) = —CI€x) + N(—x)] = lIxllx < A, ¢ €(0,1].

Proof. Let y € X satisfies
L(x) = N(x) = —CL(x) — N (—x);

then
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So, we obtain for any 6 € J :
() = §°DEx(0)

_ plrgf(e,x(e),oRC ox(0) = = F (0, =x(0), =D (0)) -

By Lemma 2.10 we get

X®) = ot ——|Fzp (f (6, x(5), FDEx(s))) (0) — CFTg (f (6, —x(5), —F Dix(s))) (0) |,

Ct+1

where cg = 3[x(0) + x(b)]. Thus for every 6 € J we obtain

o
€+ 1) (a)

b
e 10 ). ~EoRex)

b
XO < ool + 1051711 0x). D x(9) [

ds

1 b
< ol + gy | 1051 (5060 §O0Ex() — F5.0.0)]as
1 ° a—1
e /0 16— 5|11 £(s,0,0)|ds
1 b a—1 RC &«
ey [ 10— G =x(o) EODR() — 5. 0.0) s
1 b a—1
T /0 16— 5% £(s,0,0)|ds
Qf*ba 2pe Bbl—a
thus
2f*be 260 oo
w0 < ot lal + s (7 T egm ) e
We deduce that
2 f*b
T(a+1) + leol -

Ixllx < : 5
xllr < [I_F(me<fy+r(1_ﬁzl)(2—a)>]

The demonstration is completed.

Lemma 3.5. If conditions (H1) and (17) are verified, then there exist a bounded open set Q@ C X with

L£(x) = N(x) # —¢[L0x) + N(—=x)], (18)
for any x € 9Q and any ¢ € (0,1].

Proof. Using Lemma 3.4, then there exists a positive constant .4 which is independent of ¢ such that,
if x verify
L) = N(x) = =¢[€0) + N (=x)], ¢ €(0,1],
thus ||x|lx < A. So, if
Q= {x e XlIxllx <9}, (19)
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such that ¥ > A, we deduce that

L) = N(x) # =€) = N(=x)],
for all x € 90 = {x € X;||x||lx = ¥} and ¢ € (0, 1].

Theorem 3.6. Assume (H1) and (17), then there exist at least one solution for the problem (1)-(2) in
Dom£nN Q.

Proof. It is clear that the set  defined in (19) is symmetric, 0 € Q and X N Q = Q # (. In addition,
By Lemma 3.5, assume (H1) and (17), then

£(x) = N(x) # —¢lE(x) = N(—=x)],

for each x € X N 0N = 9N and each ¢ € (0,1]. By Lemma 2.15, problem (1)-(2) has at least one solution in
Domg N Q. Which completes the demonstration.

Theorem 3.7. thm1 Let (H1) and (17) satisfied. Moreover we assume that
(H2) There exist positive constants ¥ and B with
|£(0.xv) = £(0,x,0)| = Alx = x| = Blv =l
for every 8 € J and x, X, v, U € R.
If one has

2% L By
Nt—a)2—a)l(a+1) AT —-a)(2—a)

<1, (20)

then the problem (1)-(2) has a unique solution in Dom& N ().

Proof. by Theorem 3.6 the problem (1)-(2) has at least one solution in Dom.£ N Q.
Now, we prove the uniqueness result. Suppose that the problem (1)-(2) has two different solutions y,Y €
Dom& N Q. Then, for each € J we have

FEDEX(0) = f (0, x(0), §°DEx(0))

FCDER(0) = £ (0,%(0), FDex(0))
and
X(0) = x(b), X(0) = X(b).

Let 4(0) = x(0) —x(0), for all d € J.
Then

LU(B) = FODFUW)
= §ODEX(0) — F DEX(0)
= [ (0.x(0).§9D5x(0)) — £ (6.%(6). ¢ DEX(9)) -
Using the fact that Jmg&{ = ker Q, then we have

b
/0 [(b6— )2 =571 | f (5, x(5), 6°DEx(5)) — f (5.X(5), 6 DEX(s)) | ds = 0.

Since f is continuou function then, there exist ¢y € [0, b] such that

1 (to, x(to), §°Dx(t0)) — f (to, X(t0), DX (to)) = 0.
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In view of (H2) we have

(o)~ Xt < Z[FODgxtto) — FODERW),
then

4t < =57 fb;);_a)uu”x. (21)

On the other hand, by Lemma 2.10, for each 6 € [0, b], we have
(6% (0% 1
050 DEUO) = U(0) — 5 (L1(0) + (b)),

wich implies that
(84(0) + (b)) = U(to) — § 55 DR L(to),

N |

and therfore
4(0) = BIHCDEU) + U(to) — FITEODEU(Lo).

Using (21) and Remark 2.9, for every 6 € J, we have
UO)] < [FTGGODTUO)| + 1Ulto)| + [§T5E D Ulto) |

- 2b N Bol«
S IMl-a)2—a)l(a+1)  AT(1—a)2 - a)

4] x -

Then Bpl
2b po
4] < [F(l —a)2-—a)l(a+1) * (1 —a)(2-a)

144

Hence, by (20), we conclude that
[44] = O

As a result, for any 0 € J, we get
U(0) = 0= x(0) =x(0).

This completes the proof.

4. An example

Consider the following system
7 7
Fooix®) = 1 (6.0, 800 0)) . 4y oy

x(0) = x(1),

where
o—11-0

—
+§C®f><>

RCNE o 9 . 1
f<9aXa0 ©1X> = ln(9+7)+73ﬁ<51nX+3X>+17(1

Herea:%andbzl.
It is easy to see that f € C([O, 1] x 9‘{2,9‘{). Let x, x,v,v € R and 6 € J, then

12

1
0,x,0) — [ (8,%.0)| < sremelX — X| + 7og7 [v— 7.
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1

12
Hence, the assumption (H1) is satisfied with v = W and = 17ell”
(e

l—a b
hich implies that ~0.11 d —— ~ 1.0488.
which implies tha = a)2=a) 0.11798 an Mo+ 1) 0488
By simple calculations, we see that

ba

ﬁblfa
Ta+1) <7 TTi-a)2—a

1
) ~0,032423 < .

With the use of Theorem 3.6 our problem has at least one solution.
Otherwise for each x, x,v,v € R and 6 € J, we have

3 1
— vol> —|v—v%———|vo—7T
7060) = 10, %9)] 2 5= =X = g o =71

— 1
then (H2) is satisfied with 7 = 73?/; and 5 = 17ell”
Which implies that

% Bblfa

~0,24751 < 1.

Tl—a)2-ala+l) ATI-a)2-a)

With the use of Theorem 3.7 our problem has a unique solution.
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