Letters in Nonlinear Analysis and its Applications 4 (2026) No. 2, 78-99
https://doi.org/10.66147/1naa.20264275
Available online at www.lettersinnonlinearanalysis.com

Research Article

Letters in Nonlinear Analysis
and its Application

Peer Review Scientific Journal

L N A A ISSN: 2958-874x

A Unified Framework for Common Fixed Point
Results in Suprametric Spaces with Applications to
Volterra Integral Equations

Haroon Ahmad?, Mudasir Younis?*

?Abdus Salam School of Mathematical Sciences, Government College University, Lahore 54600, Pakistan
bDepartment of Mathematics , Faculty of Sciences , Sakarya University , Sakarya , 54050 , Turkey

Abstract

This paper develops a systematic common fixed point theory within the framework of suprametric spaces, a
recently introduced generalization of metric spaces that accommodates a broader class of distance structures
through a nonlinear relaxation of the triangle inequality. We establish several common fixed point theorems
for pairs of self-mappings satisfying distinct contractive conditions, specifically Banach-type, Reich-type,
Cirié—type, and rational Gupta—Saxena type contractions, in the setting of complete suprametric spaces.
Each theoretical result is accompanied by a concrete example that explicitly verifies the respective contractive
hypothesis and confirms the existence and uniqueness of the common fixed point. To demonstrate the
practical utility of the developed framework, the main results are applied to establish the existence and
uniqueness of solutions to Volterra integral equations of the second kind, modeled via associated integral
operators on the space of continuous functions endowed with a suprametric. The suprametric structure,
by encompassing classical metric and b-metric spaces as special cases, renders the presented results both
comprehensive in scope and broadly applicable to nonlinear problems in analysis and mathematical physics.
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1. Introduction and Basic Concepts

Fixed point theory is a fundamental area of nonlinear analysis with wide-ranging applications in mathe-
matics, economics, and engineering. The foundation of this theory was laid by Banach [8], whose celebrated
contraction principle established that every contraction mapping on a complete metric space possesses a
unique fixed point, providing a powerful tool for proving the existence and uniqueness of solutions to vari-
ous equations. Building upon this landmark result, Kannan [16] introduced a new class of mappings that
extended the scope of fixed point theorems beyond the continuity requirement imposed by Banach’s orig-
inal condition. Reich [18] subsequently offered further generalizations by considering a broader class of
contraction-type mappings that unified several existing results under a single framework. In the same pe-
riod, Chatterjea [12] proposed a symmetric contractive condition that complemented the work of Kannan
and enriched the landscape of fixed point theory, while Ciri¢ [13] investigated generalized multi-valued con-
tractions, extending fixed point results to set-valued mappings. Shortly thereafter, Hardy and Rogers [15]
presented a generalization of Reich’s theorem that encompassed a wider family of contractive conditions,
offering a more flexible and comprehensive framework. The culmination of these early developments came
with the seminal contribution of Cirié [14], who introduced the notion of a quasi-contraction one of the most
general single-valued contractive conditions, thereby unifying and extending nearly all previously known
results in the field.

Suprametric spaces develop into a new mathematical field that builds upon traditional metric spaces and
becomes increasingly popular. Berzig [9] established fundamental research for his field in 2022 when he
presented the formal definition of suprametric spaces together with their essential topological and analytical
characteristics. The research established two major findings that described the structural framework of
suprametric spaces while demonstrating their practical applications through initial research. Developing
these ideas in 2023, Berzig [11] deeply explains such points in a paper that is entirely dedicated to nonlinear
contractions on the b, suprametric spaces. Following this research, several delicate contractive behaviors
were revealed, which are in fact very different from those of the classical metric and the b-metric spaces
and these serve as pretty good illustrations of the richness and the versatility of the suprametric framework.
Simultaneously, S. K. Panda et al. [17] proposed the concept of extended suprametric spaces and provided
correlations with Stone-type results. In this work, the authors have firmly established the mathematical bases
of suprametric spaces by linking them to well-known topological results, thus enhancing their mathematical
utility and leading to abstract analysis. The progress of this study was continued by Berzig [10], who
provided additional fixed-point results in generalized suprametric spaces. Those results were improvements
on previous works and opened the way towards a more profound understanding of the existence and behavior
when structural conditions are relaxed. Such results underscore the effectiveness of suprametric systems to
address nonlinear problems that cannot be addressed through traditional measures of metrics. Ahmad
et al. [l, 2, 6] examined the concept of multivalued and proximal contraction in suprametric contexts,
where convergence and the closest proximity point were proved, and they were directly applied to nonlinear
fractional differential equations and two-dimensional Volterra integral equations. Younis et al. [19] employ
a fixed point approach to discuss the existence and uniqueness of the solutions of Chua’s attractor model
within the framework of suprametric spaces, incorporating the Atangana—Baleanu derivative and a two-step
Lagrange polynomial approximation. Aldosari et al. [7] introduced a strong extended s-suprametric space
as a new mathematical concept, which extends existing suprametric systems and provides a framework to
study fixed points. This advancement enables rigorous treatment of nonlinear boundary value problems,
including applications in chemical diffusion and satellite coupling systems, which show both theoretical and
practical importance.

Despite the rapid progress in fixed point theory within suprametric spaces, the study of common fixed points
for pairs of self-mappings under diverse generalized contractive conditions in this setting remains largely
unexplored. In particular, Reich-type, Ciric’—type, and rational Gupta—Saxena type contractions have not
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yet been systematically investigated in the suprametric framework, and their potential to address applied
problems, such as integral equations arising in mathematical physics and engineering — has not been fully
realized. Motivated by this gap, the present paper aims to establish a unified collection of common fixed
point theorems in complete suprametric spaces, covering a spectrum of contractive conditions that generalize
the classical Banach contraction principle and its well-known extensions. Specifically, we prove existence
and uniqueness results under Banach-type (Theorem 2.1), Reich-type (Theorem 2.2), Cirié—type (Theorem
2.4), and rational Gupta-Saxena type (Theorem 2.5) contractions, each supported by a detailed illustrative
example. The theoretical framework is then applied to establish the existence and uniqueness of solutions
to Volterra integral equations of the second kind, confirming the analytical depth and practical relevance of
suprametric fixed point theory.

Barzig [9] introduced the notion of a suprametric space, which is defined as follows:

Definition 1.1. [9] Consider a mapping d : X x X — R™ on a nonempty set X satisfying the following
conditions:

1. d(z,y) >0,

2. d(z,y) =0 <= z =y,

3. d(z,y) = d(y, x),

4. d(z,z) < d(xz,y) + d(y, 2) + hd(x,y)d(y, )

for all z,y,z € X and i € RT. Then the pair (X,d) is called a suprametric space.

Every metric naturally satisfies the conditions of a suprametric, but one can also generate suprametrics
from existing metrics by suitably altering or weakening the triangle inequality. Various constructions allow
defining such functions that maintain the essential properties of a distance, while providing more flexibility.
This approach facilitates the investigation of fixed point results in spaces more general than conventional
metric spaces.

Example 1.2. Let (X, d) be a metric space, and let 1, > 0 be fixed positive numbers. Define the following
two functions on X:

L. d{(z,y) = d(z,y) (d(z,y) +n),
2. dy(x,y) = p(e¥=v) —1).

Then d} and df are suprametrics with constants fi = % and h = i, respectively.

For a specific instance, take X = R with d(z,y) = |z — y|. By choosing d = d} or d = d3, these functions
fail to satisfy the usual triangle inequality, as

d(0,1) + d(1,2) < d(0,2).

Additionally, in this example, d is not a suprametric with constant # = %, demonstrating that any supra-
metric with a given constant # is automatically a suprametric for all constants i’ > h.

Definition 1.3. Let (X, d) be a suprametric space.

(i) A sequence {x,} is said to converge to x € X if, for any € > 0, there exists a positive integer N, such
that d(x,,z) < € for all n > N.. Symbolically,

lim z,, = x.
n—ro0

(ii) The sequence {z,} is called a Cauchy sequence if, for every € > 0, there exists N, € N such that
d(xp, xm) < € for all m,n > N.

(iii) The space is said to be complete if every Cauchy sequence in X converges to a point in X.
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(iv) If d is continuous, then each convergent sequence has a unique limit.

The study of fixed point theory has been significantly shaped by a series of classical contractive conditions
introduced by several mathematicians over the decades. Beginning with the foundational work of Banach,
numerous generalizations have been proposed to extend the applicability of fixed point results to broader
classes of mappings. The following definition presents some of the most celebrated contractive conditions in
metric spaces.

Definition 1.4. Let T': X — X be a mapping on a metric space (X,d). For all z,y € X, the mapping T
is said to satisfy one of the following contractive conditions:

i Banach Contraction [8]: There exists a € [0,1) such that
d(T(x),T(y)) < ad(z,y).

ii Kannan Contraction [16]: There exists o € [0, 1) such that

A(T(2), T(y)) < a[d(@, T(2)) + d(y, T(w))]

iii Chatterjea Contraction [12]: There exists a € [0, 3) such that

A(T(2), T(y)) < a|d(@, T(y)) + d(y, T(2))].
iv Reich Contraction [18]: There exist ai,ag, a3 € [0,1) with ag + ag + as < 1 such that
d(T(x), T(y)) < ecrd(z,y) + azd(z, T(z)) + azd(y, T(y)).

v Hardy—Rogers Contraction [15]: There exists nonnegative constants with a1 +ag+ag+as+as < 1
such that

d(T(2),T(y)) < ard(z,y) + azd(z, T(x)) + azd(y, T(y)) + s d(y, T(x)) + as d(z, T(y))-

vi Cirié¢ Contraction [13]: There exists o € [0,1) such that

A(T (@), T(y)) < amax{d(z,y), d(z, T(@)), dly, T(@), d(z, T()), d, T() )

If T satisfies any one of the above conditions, then it admits a fixed point.

2. Common Fixed Point Results

In this section, we establish the main results of the paper by proving several common fixed point theo-
rems in the setting of complete suprametric spaces. We consider different classes of contractive conditions,
including Reich-type, maximum-type, and rational Gupta—Saxena type contractions. These results extend
and generalize existing fixed point principles to a broader framework. The obtained theorems ensure the
existence and uniqueness of common fixed points for pairs of self-mappings under suitable assumptions.

Theorem 2.1. Let (X,d) be a complete suprametric space and F,G : X — X be a pair of self-mappings is
said to be Banach type contraction if there exists a constant \ € (0,1) such that

d(Fz,Gy) < Ad(z,vy), Yu,veX. (1)

Then F' and G possess a unique common fixed point in X .
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Proof. Choose an arbitrary point xp € X and define a sequence {z,}>2, by
Ton1 = Foon,  Zopg2 = Gront1,  n=0,1,2,...

Applying (1) repeatedly yields

d(z1,x9) = d(Fzg,Gz1) < Ad(zg, 21),
d(xe,x3) = d(Fxe,Gr1) < Ad(x2,71) = Md(21,22) < Azd(xo,xl),
d(x3,z4) = d(Fzo, Gz) < Md(z, x3) < Nd(x0, 21),

and by induction
d(xn, Tnt1) < AN'd(zo, x1), for all n > 0. (2)

This implies that lim,, o d(2p, n11) = 0, so there exists k € N such that for all n > k, we have
d(%n, Tnt1) < 1. (3)
To show that {z,} is Cauchy, let m,n € N with m > n > k. Using the suprametric inequality and (2),

d(xna xm) < d(xm mn—i—l) + d<xn+17 xm) + ﬁd(xna Tni1) d(xTH-lv xm)
< N'd(zo, 1) + d(@pt1, Tm) + B A" d(z0, 1) d(Tp41, Tm)
= N'd(zg,z1) + [1 + h A d(z0, x1)] d(Zps1, Tm)-

Apply the same estimate to d(xy41, Tm):
A(Tpi1, Tm) < N d(zo, 1) + [1 + RA" T d(z0, 21)] d(Tnio, Tm)-
Substituting back,

d(xp, ) < Nd(z0, 1) + [1 + BN d(z0, 21)] N d(z0, 21)
+ 14+ AN (o, 21)][1 + AN d(z0, 21)] d(Tnt2, Tm)-

Continuing this process and using (3) in every term of the sum, until we obtain

m—n—1 i—1
(@, ) < d(xo,x1) > NPT+ AN d(x0, 21)). (4)
=0 7=0

Since A € (0,1), it follows that

m—n—1 i—1

d(Zn, ) < d(zo, 1) A" Z XTI+ rNd(zo, 21)). (5)

Now, it is not difficult to see that the series ) ;2 u; converges, where

i1
u; =\ H[l + AN d(xg, z1)].
=0

Hence, we deduce that d(x,, z,,) tends to zero as n, m tend to infinity, which implies that the sequence {x,,}
is Cauchy. By completeness of (X, d), there exists z € X such that lim,, o x,, = z. In particular

lim zo, = z, lim zo,41 = 2. (6)
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We now prove that z is a common fixed point of F' and G. Using the suprametric inequality and (1),

d(z, Fz) (z,xon+2) + d(Fz,Gropt1) + hd(z, xoni2) d(Fz, Grony1)

<d
< d(z,zon+2) + Nd(z,Tan11) + BN d(2, Tony2) d(z, Top41).

Letting n — oo and invoking (6) yields d(z, F'z) = 0; hence F'z = z. Similarly,

d(z,Gz) < d(z,xon+1) + d(Fraon, Gz) + hd(z,x2n+1) d(Fxay, G2)
< d(z,xon+1) + Ad(x2n, 2) + AN d(z, Ton41) d(z2n, 2)

gives, after taking the limit, d(z, Gz) = 0 and therefore Gz = z.
For uniqueness, if w € X is another common fixed point of F' and G, then (1) implies

d(z,w) = d(Fz,Gw) < Ad(z,w),

which forces d(z,w) = 0 because A € (0,1); hence z = w. Thus z is the unique common fixed point of F

and G. n

Reich-type contractions generalize the classical Banach contraction principle by incorporating additional
control terms involving the images of the mappings. Such conditions are particularly useful in the study of
nonlinear operators where standard contractive assumptions may fail. In the setting of suprametric spaces,
these generalized contractions retain sufficient structure to ensure convergence of iterative schemes. The
following result establishes the existence and uniqueness of a common fixed point for a pair of mappings
under a Reich-type contractive condition.

Theorem 2.2. Let (X,d) be a complete suprametric space and F,G : X — X be a pair of-mappings
satisfying the Reich-type contraction condition, there exist constants o, 8,y > 0 with a4+ 5+~ < 1 such that

d(Fu,Gv) < ad(u,v) + B d(u, Fu) + v d(v, Gv), Vu,ve X. (7)
Then F' and G have a unique common fized point in X.
Proof. Choose an arbitrary point zp € X and define a sequence {z,}>2, by
Tont1 = Faon, Tonto = GTont1, n=20,1,2,...
Applying (7) repeatedly yields

d(iEl,ZL‘Q) = d(Fﬂ:‘o, G.%’l)
< ad(zo, 1) + Bd(x0, Fzo) + v d(z1, G1)
= ad(xo,z1) + Bd(xo, 1) + yd(x1, 22).

Rearranging, we obtain
(1 —7)d(z1,22) < (a+ B) d(xo, 21),

so that L5
o'
d(xl, 1‘2) S 1 d(:lj'o, :L'l).
-
Set k1 = Cfff (note that k; < 1 since a + 5+ < 1). Similarly,

d(mg,xg) = d(Fxg, le)
< ad(zy,z1)+ Bd(z2, Frg) + v d(z1,Gz1)
= ad(r1,r2) + Bd(w2, 23) + v d(21, 72),
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which gives
(1= pB)d(x2,3) < (a+7)d(x1,22),

hence at
d(xg,x3) < T ; d(z1,x3).
Set ko = %’g (also k2 < 1). Define k = max{kj, k2}. Then k < 1 and we have

d(z1,z2) < kd(zo, 1), d(zg,3) < kd(21, 1) < K d(zo, 71).

By induction, we obtain
d(xp, Tpt1) < k™ d(xo, 1), for all n > 0. (8)

To show that {z,} is a Cauchy sequence for m,n € N with m > n, we will follow Theorem 2.1. By
completeness of (X, d), there exists z € X such that lim,_,~ 2, = z. In particular

lim zo, = 2, lim xo,11 = 2. (9)
n—oo n—oo

We now prove that z is a common fixed point of F' and G. Using the suprametric inequality and (7),
d(z,Fz) < d(z,xon4+2) + d(Fz,Gropt1) + hd(z, xont2) d(Fz, Gront1)

< d(z, Zant2) + ad(z,2on41) + Bd(z, Fz) + v d(T2n+1, Tant2)
+ hd(z, Zons2) [ d(z, Bopg1) + Bd(z, F2) + v d(Tan41, Tant2)]-

Letting n — oo and invoking (9) together with d(z2y,41, Z2n42) — 0, we obtain
d(z,Fz) < Bd(z, Fz).
Since f < a+ f+ v < 1, this implies d(z, F'z) = 0; hence Fz = z. Similarly,
d(z,Gz) < d(z,ron+1) + d(Fxon, Gz) + hd(z, xont1) d(Fropn, G2)

<d(z,xon+1) + ad(xap, 2) + Bd(z2n, T2n+1) + v d(2,G2)
+ hd(z,z2n41) [oz d(xan, 2) + B d(xon, xant1) + v d(z, Gz)].

Passing to the limit n — oo yields
d(z,Gz) <~vd(z,Gz),

and since v < 1, we deduce d(z,Gz) = 0; hence Gz = z.
For uniqueness, if w € X is another common fixed point of F' and G, then (7) implies

d(z,w) =d(Fz,Gw) < ad(z,w) + fd(z, Fz) +vd(w, Gw) = ad(z,w).

Because « < 1, this forces d(z,w) = 0; hence z = w. Thus z is the unique common fixed point of F' and
G. O

To illustrate the applicability of Theorem 2.2, we present the following example. It demonstrates how the
Reich-type contraction condition can be verified in a concrete setting within a suprametric space. Moreover,
it confirms the existence and uniqueness of a common fixed point for the given pair of mappings.

Example 2.3. Let X = [0,5] and define d : X x X — [0,00) by

d(z,y) = |z —yl(le —y|+h), &

For a metric space, the triangle inequality must hold:

I
o

d(z,z) < d(z,y) + d(y, z).
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Take x =0,y =1, w = 2. Then

d(0,2) =2(2+4+ h) =4+ 2h,
d(0,1) +d(1,2) =1(1+h) + 1(1 + h) = 2+ 2h.
Thus,
d(0,2) =4+2h>2+2h=4d(0,1) + d(1,2),

so the triangle inequality fails. Hence (X,d) is not a metric space. Let a = |z — y| and b = |y — z|. Since
|z — z| < a+ b, we have
d(z,w) < (a+b)(a+b+h).

We show that
(a+b)(a+b+h)<ala+h)+bb+h)+ha(a+h)bb+ h).

Expanding:

(a+b)(a+b+h) = a® + 2ab+ b* + h(a + b),
ala+h)+bb+h) =a®+b* + hla+b).
Thus, we arrive at
d(z,2) < d(z,y) + d(y,w) + 2ab.

Now, we have

2ab < ha(a+ h)b(b+ h) = hd(x,y) d(y, 2),

since a + h > h and b+ h > fi. Hence, we achieve
d(z,z) < d(z,y) +d(y, z) + hd(z,y) d(y, 2),
so (X, d) is a suprametric space. Define F,G : X — X by

0, 0<z<2, 0, 0<y<S3,
G(y) =
T 2<a2s<5, W=y 5o,<5

5 9y
Now, we have to verify the Reich contraction mentioned in 2.2, as follows Take
1
o=, B: ) 7:67 O‘+B+7<1

We verify
d(Fz,Gy) < ad(z,y) + Bd(z, Fz) + vd(y, Gy).

Case 1: For x € [0,2) and y € [0, 3), we have F'(z) = 0 and G(y) = 0. Consequently, it follows that:

d(Fz,Gy) = d(0,0) =0,
d(z,y) = v — y|(|]z — y| +2),
d(z, Fz) = z(x + 2),
d(y, Gy) = y(y + 2).

Thus, after substituting we get
0 < ad(z,y) + Ba(z +2) +yy(y + 2),

which shows above inequality holds as shown in the Figure 1.
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Case 1

Figure 1: Graph related to Case 1 of Example 2.3

Case 2: For x € [0,2) and y € [3,5], we have F(z) = 0 and G(y) = £. Since, we arrive at

2

iren =ao2) =2 (2 +3) = £ B

d(z,y) =z — yl(lz -yl +2),
d(z, Fx) = z(x + 2),

dy| (4y 16y 8y
d(y,Gy) = E‘ (E—I_Q) = T'ﬁ‘g

After substituting we get

2 2
y—i—lOy) 1 1 1/16y*> 8y
TN < e —yl+2)+ > N4+ (=L + 7).
( ) Sgle—ulle —yl+ 2+ z@+ )+ ¢ (5o + 5

the above inequality holds as shown in the Figure 2.
Case 3: For x € [2,5] and y € [0,3), we have F(z) = 7 and G(y) = 0. Consequently, it follows that:

Case 2

Figure 2: Graph related to Case 2 of Example 2.3
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Tr /T 562 T
d(FZL’,Gy)ZZ <Z+2) = 1—6+—
d(z,y) = |z —yl(|lz — y| +2),

3z (3 9 3
d(z, Fx) = Z(f—i—2)z§3+ :E

d(y, Gy) = y(y + 2).

After substituting, we get

% + 8z 922 3z 1
(555) = glo-slle v +2+ 5 (5 + 5) + gutw+ 2.

16 2 6

the above inequality holds for the given domain as shown in the Figure 3.
Case 4: For x € [2,5] and y € [3,5], we have F(z) = § and G(y) = £. Since, we arrive at

Figure 3: Graph related to Case 3 of Example 2.3

arecn =[5 (5-2] +2)
d(z,y) = |z —yl(lz — y| +2),

9 3
d(z, Fx) = 12 + ;,

16 8
d(y,Gy) = —2§ + gy

After substituting, we get

2
E_Q(IE__‘ 2) _ 9 922 3z  1(16y> 8y
1 5 + |x ul(lz =yl +2)+ 4 6 T2 ) el T )

which shows above inequality holds for all given domain as shown in the Figure 4.

All conditions of Theorem 2.2 are satisfied. The mappings F' and G admit a unique common fixed point 0
in the suprametric space (X, d).

We now consider another important class of generalized contractions involving a Cirié—type control.
Such conditions are useful in capturing the dominant behavior among several distance terms and often
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Figure 4: Graph related to Case 4 of Example 2.3

arise in nonlinear analysis. In the framework of suprametric spaces, these contractions still guarantee
strong convergence properties. The following theorem establishes a unique common fixed point under this
maximum-type contractive condition.

Theorem 2.4. Let (X,d) be a complete suprametric space and F,G : X — X be a pair of-mappings
satisfying is said to be Cirié-type contraction there exists a constant X € (0,1) such that for all u,v € X,

d(Fz,Gy) < )\max{d(:c,y), d(z, Fx), d(y, Gy)}. (10)
Then F and G possess a unique common fized point in X.
Proof. Choose an arbitrary point zp € X and define a sequence {z,}72, by
Tont1 = Faon, Tonto = GTont1, n=20,1,2,...
For each n > 0, consider the distances d(xy,, zp+1). Applying (10) with x = x9, and y = xo,4+1 yields

d(zon+1, Tant2) = d(Fxon, Gront1)
S A max{d(xgn, xZ’n-l—l)a d(xva Fl’gn), d(an-‘rla G$2n+l)}

= Amax{d(x2n, Tant+1), Ad(Ton, Tont1), A(T2n41, Ton12)}

= Amax{d(xon, Ton+1), d(T2n+1, Tan+2) }-
Similarly, with x = x99 and y = xo,11, We estimate
d(w2n+2, Tan+3) = d(Franto, Grany1)
< )\max{d(xgn+2, Ton+1)s d(Tont2, Fronis), d(xani1, Gx2n+1)}

= Amax{d(z2n+1, T2n+2), d(T2n+2, T2n+3), d(T2n11, Tont2)}
= Amax{d(z2n+1, T2nt2), d(T2nt2, Tony3)}-

Thus, for every n > 0 we have
d($n+17 $n+2) <A max{d(xn, xn—l—l)a d($n+1a xn+2)}- (11)

The above inequality (11) have two possibilities as follows:
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Case 1: If we choose max{d(zn, Tnt1),d(Tnt+1, Tni2)} = d(zpn, Tni1). Then, we have
d(Tp41, Tnt2) < Nd(Tp, Tpt1)-
Case 2: If we pick max{d(zn, Tn+1), d(Tnt1,Tnt2)} = d(Tnt1, Tny2). Then, we arrive at
d(@Tnt1, Tpt2) < Ad(Tnt1, Tnt2),

which forces d(zyp+1, Tn+2) = 0 because A < 1. Consequently d(2y11, Znt2) < Ad(Zp, Tp+1) holds trivially.
Hence in all above two cases, we obtain

d(l‘n+1,l‘n+2) < )\d(l'nyxn+1) (n > 0)

By induction, we conclude
d(xn, Tnt1) < Ad(z0, 1) for all n > 0. (12)

To show that {x,} is a Cauchy sequence for m,n € N with m > n, we will follow Theorem 2.1. By
completeness of (X, d), there exists z € X with x,, — z; in particular
lim zo, = z, lim xo,41 = 2. (13)
n—oo n—oo

Now, we will show that z is a common fixed point of F and (. For this, we will utilize the suprametric
inequality and the contraction condition (10),

d(z, Fz) < d(z,xon+2) + d(Fz,Gropt1) + hd(z, xont2) d(Fz, Gront1)
< d(z,won+2) + )\max{d(z, Tont1), d(z, Fz), d(xonyi1, Gx2n+1)}
+ hAd(z, z2n+2) max{d(z,x2n+1), d(z,Fz), d(x2n+1,Ga:2n+1)}.

Now d(2241, Groni1) = d(Toans1, Toni2) < A2 d(zg,21) — 0 by equation (12), and d(z,x2,41) — 0 by
equation (13). Hence the maximum tends to d(z, F'z). Passing to the limit as n — oo gives

d(z,Fz) <04 Ad(z, Fz) + 0,

so that (1 — \)d(z, Fz) < 0. Since A < 1, we must have d(z, F'z) = 0 that is F’z = z. Now we show that
Gz = z for this we will utilize the suprametric inequality and equation (10) with u = 9, and v = z, we
conclude

d(z,Gz) < d(z,ron+1) + d(Fxon, Gz) + hd(z, xon+1) d(Fropn, G2)
(z,Zon+1) + )\max{d(xgn, 2), d(xapn, Fxay), d(z, Gz)}
+ hAd(z, zon+1) max{d(xgn,z), d(xan, Fxay,), d(z,Gz)}.

Now d(z2n, Fro,) = d(2on, zont1) < A?"d(xg,71) — 0 by equation (12), and d(x2,,2) — 0 by equation
(13). Hence the maximum tends to d(z,Gz). Passing to the limit as n — oo gives

d(z,Gz) <0+ Ad(z,Gz) + 0,

so that (1 — \)d(z,Gz) < 0. Since A < 1, we must have d(z,Gz) = 0 that is Gz = z.
For uniqueness, assume that w € X is another common fixed point of F' and G. Then

d(z,w) =d(Fz,Gw) < )\max{d(z,w), d(z,Fz), d(w, Gw)}
= \d(z,w),

which forces d(z,w) = 0 because A < 1; hence z = w. Thus F' and G have a unique common fixed point in
X. O
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We further extend the discussion to rational-type contractions, which provide a more refined control by
incorporating nonlinear combinations of distance terms. These contractions, inspired by the Gupta—Saxena
framework, are particularly effective in handling mappings with complex interaction behavior. In supra-
metric spaces, such rational expressions still preserve the contractive structure required for convergence.
The following theorem ensures the existence and uniqueness of a common fixed point under this rational
Gupta—Saxena type condition.

Theorem 2.5. Let (X,d) be a complete suprametric space and let F,G : X — X be a pair of-mappings
referred to as rational Gupta-Saxena contraction. Suppose there exists a constant A € (0,1) such that for all
r,y € X,

(14)

d(F.Gy) < Amax {d(w,y), d(z, Fz)(1+d(y,Gy)) d(y,Gy)(1+ d(z, Fz)) } .

14 d(z,y) ’ 1+d(z,y)
Then F' and G possess a unique common fixzed point in X .

Proof. Choose an arbitrary point zp € X and define a sequence {z,}>>, by
Ton+1 = F.%'Qn, Topn+2 = Gafgn_H, n = 0, 1, 2, PN

We first derive a recursive estimate for d(x,,x,+1). For even indices, set * = x9, and y = z2,4+1. Then by
utilizing the equation (14) as follows

d(Tan+1, Tant2) = d(Fon, Grons1)

d(x9n, Fon) (1 4 d(2n41, GTon11))
1+ d(w2n, T2n+1)

d(x9n, 22n11) (1 + d(T2n+1, T2n+2))
L+ d(z2n, T2ny1)

<A maX{d(xzm Ton41)s , d(T2n+1, G$2n+1)}

= maX{d(szn, Ton41)s , d(Tan+1, Tont2) }

For odd indices, set x = z9,+2 and y = x2,41, we estimate

d(T2n+2, Tant3) = d(Font2, GTont1)
d(x2ny2, Fronta) (1 + d(xant1, Gront1))
1+ d(x2n+2, Tont1)
d(x2n+1, Grony1) (1 + d(w2n12, Frani2))
1+ d(72n+2, T2n+1) }
d(Ton+t2, T2n+3) (1 + d(T2n+1, x2n+2))
1+ d(zont1, Tant2)
(2041, ant2) (1 4 d(T2n42, Tany3))
1+ d(%2n+1, T2n+2) }

)

<A max{d(:c2n+2, Ton41),

=A max{d(x2n+1, Tont2),

I

d(x2n41, T2nv2) (1 + d(T2n12, T2nt3)) }

= )\maX{d(l’Qn+17x2n+2)a d(x2n+27332n+3)> 1 —|—d(x2 T2 +2)
n ) n

Thus, for every n > 0 we obtain an inequality of the form

d(l’n, xn+1) (1 + d(anrl’ l’n+2)) }

15
1 +d($mxn+l) ( )

d(xn+17xn+2) <A max{d(xn,:cn+1), d((l)n+1, xn+2)7
Now, we analyse the behaviour of the third term from the above inequality. For brevity, denote

A= d(l’n, xn—l—l)y B = d(xn—l-l; xn+2)-
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Then the third term is
A(1+ B)

1+ A
We show that this term always lies between A and B. Compute the differences:

A(l1+ B) A1+ B)—A(1+A) AB-A)
7—14: = s
1+ A 1+ A4 1+ A
and
B_A(1+B) _ B(1+A)-A(1+B) B-A

1+4 14+ A 14+ A7
We consider the two possible orderings of A and B:

Case B> A: Then B— A >0, so

AL+ B) A(B - A) A(1+ B)
A ~A) S ALTE)
a2 4 a4 20— g =4
and A1+B) B-A4A A1+ B)
+ - +
_ - > ALTP)
B-—12a A= = T1ya =
HenceAgiA(l—i_B)gB.
1+A
Case B < A: Then B— A <0, so
A(L+ B) A(B - A) A(1 + B)
A —4) ALTP)
a4 A 174 =V = TS g =4
and A(l+B) B-4 A(1+ B)
+ - +
— = < _ .
B=—=772a 1740 = a4 =28
HenceBgiA(1+B)§A.
1+ A

In both cases the third term lies between A and B. In either case, the third term is between A and B.
Consequently we can simplify the maximum in (15):

d(xn-‘rlv xn+2) <A max{d(xn7$n+l)a d(xn—l—laxn—i-Q)}- (16)
Consider the two possibilities for the maximum in equation (16), we have:

Case 1: If we choose max{d(xy, Tn+1), d(Tnt1, Tn+2)} = d(Tpt1, Tny2). Then (16) becomes d(zp41, Tny2) <
Ad(Zp41, Tnt2), which forces d(zp41, Tnt2) = 0 because A < 1. Consequently, the inequality d(x,11, Zn42) <
Ad(xy, Tpi1) holds trivially.

Case 2: If we pick max{d(zn, Tn+1), d(Tnt1, Tnt2)} = d(zpn, Tnt1). Then (16) yields directly d(zp41, Tny2) <
Ad(Zpy Tpy1)-

Thus, in all cases
d(xn+la$n+2) < )\d(xnyxn+l) (TL > 0)

By induction, we obtain
d(zpn, Tnt1) < AN"d(xo,271) for all n > 0. (17)
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To show that {z,} is a Cauchy sequence for m,n € N with m > n, we will follow Theorem 2.1. By
completeness of (X, d) there exists z € X such that lim z, = z; in particular

n—oo
lim x9, = z, lim x9,+1 = 2. (18)
n—o0 n—oo

Now, we will show that z is a common fixed point of F' and G. For this, we employ the suprametric inequality
and contractive condition (14),

d(z,Fz) < d(z,ron4+2) + d(Fz,Gropt1) + hd(z, xon12) d(Fz, Gxont1)
< d(z,zon+2) + AMy, + hAd(z, xont2) My,

where

d(Z, FZ) (1 + d(l’gn_H, Gx2n+1)) d(l’gn_H, G$2n+1) (1 + d(z, FZ)) }

M, = ma; {d Z, T 5 !
n x4 d(2, Tan+1) 1+ d(z, Zons1) 1+ d(z, m2n+1)

Now d(2on 11, GTont1) = d(Tont1, Tona2) < A2"Hd(zg,21) — 0 by equation (17), and d(z,z2,11) — 0 by
equation (18). Therefore
d(z, Fz) (1 + d(@on+1, Tant2))
1 +d(z,72n41)

d(x2n41, Tan+2) (1 +d(z, FZ))

— 0.
1+ d(Z, IE2n+1)

— d(z,Fz),

Hence M,, — d(z, Fz) as n — oo. Passing to the limit in the estimate for d(z, F'z) yields
d(z,Fz) <04 Md(z, Fz) + 0,
so that (1 — \)d(z, Fz) <0. Since A < 1, we must have d(z, Fz) = 0 that is Fz = z.

Similarly, we will show that z is a fixed point of G. For this, we employ the suprametric inequality and
equation (14) with x = x9, and y = z,
d(z,Gz) < d(z,x2n+1) + d(Fran, Gz) + hd(z,x2n+1) d(Fxay, G2)
< d(Z, x2n+1) + )\Nn + hA d(z, 332n+1) Nn7

where

d(z2n, FJCQn)(l +d(z, Gz)) d(z, Gz)(l + d(xan, Fxgn)) }
1+ d(xap, 2) ’ 1+ d(xap, 2) '

Now, d(z2n, Fron) = d(z2n, Tant1) < A2d(wo,71) — 0 by equation (17), and d(w2,,2) — 0 by equation
(18). Therefore,

d(2n, Tont1) (1 + d(z, Gz)) d(z,Gz)(1 4 d(w2n, T2nt1))

— 0,
1+ d(zan, 2) 1+ d(zan, 2)

Hence N, — max{0,0,d(z,Gz)} = d(z,Gz) as n — oo. Passing to the limit in the estimate for d(z, Gz)
and noting that d(z,zon4+1) — 0 yields

d(z,Gz) <04 Md(z,Gz) + 0,

N, = max{d(xgn, z),

— d(z,Gxz).

so that (1 —\)d(z,Gz) < 0. Since A < 1, we must have d(z, Gz) = 0 that is Gz = z.
For uniqueness, we assume that w € X is another common fixed point of F' and G. Applying (14) with
T = z,y = w we obtain

d(z,w) = d(Fz,Gw) < )\max{d(z, w), d(z, le)ildtch%’ Gw))’ dw, G;U_)i_(;(g (ig)z’ F2)) }
= Ad(z,w).

Because A < 1, this forces d(z,w) = 0; hence z = w. Thus F' and G have a unique common fixed point in
X. O
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To demonstrate the applicability of Theorem 2.5, we present the following example. It verifies that
the given mappings satisfy the rational Gupta—Saxena type contraction condition in a suprametric space.
Consequently, the existence and uniqueness of a common fixed point are ensured. This example highlights
the effectiveness of the rational framework in dealing with nonlinear mappings.

Example 2.6. Let X = [0,5] and define d : X x X — [0,00) by

d(z,y) = |z — yl(Jz — y| +2).

Then (X, d) is a complete suprametric space (as discussed in 2.3). Define two discontinuous self-mappings
F.G:X — X by
0<z<3, 0, 0<y<3,

-1, 3<y<h.
Now, we will verify the rational Gupta—Saxena contraction as mentioned in 2.5:
d(Fz,Gy) < Amax{A(z,y), B(z,y),C(z,y)}, A€ (0,1),

where
A =d(z,y),
d(z, Fx)(1 + d(y, Gy)) dly, Gy)(1 + d(z, Fx))
1+d(z,y) 1+d(x,y) ’
We compute all terms in all four cases and determine the maximum.
Case 1: For z € [0,3) and y € [0, 3] we have F(z) = % and G(y) = 0. So we conclude that

B: s C:

e 60 =[5 -1 (5 -of+2) =5 (52
A=z —yl(jz —y[+2)

MﬂF@:%f(?ZHO’ d(y,Gy) =y(y +2)

% (2
o) A tyly+2)
s 3\3
- 1+ A
92 (2
my+m<1+x<x+a>>
o 3\ 3
1+A

The term A grows directly with |x — y| in the given domain, while B and C' are damped by 1+ A in the
denominator. Hence,

M(z,y)=C
After substituting in the contraction, we get

xr /T
Z(Z < _ _ .
S (5+2) Al —ul(z -yl +2)

The above inequality holds for all given domain as shown in the Figure 5.

Case 2: For z € [0,3) and y € (3,5] we have F(x) = % and G(y) = % — 1. So we conclude that
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120 —
100 —
80—

§ 60—
40—

20—

Figure 5: Graph related to Case 1 of Example 2.6

e 00 =[5 (5-0) (5 - (41|

A=lz—yl(lz —yl+2)

a0 = (4+1) (43

2% (2356 + 2) (14 d(y,Gy))

B —
1+ A
92 /2
d(y, Gy) (1+—x<—$+2)>
o 3\ 3
1+4

Since x < 3 < y, the separation |x — y| is large throughout this region, making the term A dominant over
B and C. Hence,

M(x7y) =A

After substituting in the contraction, we get

- E-D)|(5- (E-1)]+2) =M le-yllz -yl +2).

The above inequality holds for all given domain as shown in the Figure 6.

Case 3: For x € [3,5] and y € [0, 3] we have F(z) = 1 and G(y) = 0. Consequently, we arrive at

d(Fz,Gy) =1 - 0|(]1 - 0] +2) =3

A= e —yl(le -y +2)

d(z,Fz) = |z —1|(|lz — 1| +2), d(y,Gy) =y(y +2)
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Figure 6: Graph related to Case 2 of Example 2.6

_ e =1(e —1+2) (1 +y(y +2))

B
1+A

y+2)(1+ |z —1|(Jz — 1|+ 2))

1+ A
Since & > 3, the quantity d(z, Fx) = |z — 1|(J]z — 1| + 2) > 8 is large and the factor (1 + d(y, Gy)) in the
numerator of B grows with y, making B the dominant term throughout this region.

o= Y

M(Sﬂ,y) =B

After substituting in the contraction, we get

lz —1|(jz — 1] +2) (1 + y(y + 2))
3§/\( 1+A )

The above inequality holds for all given domain as shown in the Figure 7.

Figure 7: Graph related to Case 3 of Example 2.6
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Case 4: For z € [3,5] and y € (3,5], we have F(z) =1 and G(y) = % — 1. We estimate

arnen =i (3] (- (5-1)|+2)

A=z —ylz—y]+2)
d(z, Fz) = |z — 1|(|lz — 1| + 2)

o= (3 +1) (33
_ |z —1|(|lx — 1| +2) (1 +d(y,Gy))

B
1+ A

d(y,Gy) (1 + |z — 1|(Jz — 1| + 2))
1+ A

Since both x and y are large in this region, the quadratic growth of d(y, Gy) = (% + 1) (% + 3) in y makes
C the dominant term.

C:

M(CE,y) =B

After substituting in the contraction, we get

1 (Gl (5 ) re) o (e,

The above inequality holds for all given domain as shown in the Figure 8.

400 —

Figure 8: Graph related to Case 4 of Example 2.6

Since all the four cases holds for A\ = %. Hence, all conditions of Theorem 2.5 are satisfied. Therefore, F'
and G admit a unique common fixed point in X, which is 0.
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3. Application to Volterra Integral Equation

Volterra integral equations arise naturally in a wide range of applied mathematical problems, including
population dynamics, viscoelasticity, and control theory, where the state of a system at a given time depends
on its entire past history. The existence and uniqueness of solutions to such equations is therefore a question
of fundamental importance, and fixed point theory has long served as one of the principal tools for addressing
it. In the classical setting, Banach’s contraction principle provides the standard framework; however, when
the underlying space carries a non-standard metric structure, more refined arguments are required.

In this section, we demonstrate that the suprametric framework developed above is well suited to the analysis
of Volterra integral equations of the second kind. Specifically, we show that under natural Lipschitz-type
conditions on the kernel and the nonlinearity, the associated integral operators F' and G satisfy a contraction
inequality with respect to the suprametric d, from which the existence and uniqueness of a common fixed
point and hence of a solution to the integral equation follows directly from Theorem 2.1.

Let X = C(]0,1],R) be endowed with the suprametric

d(u,v) = tz%lf)l} lu(t) — v(t)|(Ju(t) —v(®)| + ), heR". (19)

Then (X,d) is a complete suprametric space. Consider the operators F,G : X — X defined by

= [ Keossus) s, (G = [ K(t.s)glsul)ds,
0 0

where K : [0,1] x [0,1] — R is continuous. Assume that there exist constants L; > 0 and ¢ € (0,1) such
that:

1. For all t € [0,1] and all u,v € R,
[f(t,u) = g(t,0)] < Ly |u— ol (20)

The constant L is uniform (independent of t).
2. For all t € [0, 1],

t
/ K (1, )| ds < 6. (21)
0
Additionally, we assume that the constants satisfy
5Ly < 1. (22)

By using the suprametric distance mention in (19), we compute

|Fu(t) — Gu(t)|(|Fu(t) — Gu(t)] + h)

/ K(t,s)(f(s,u(s)) — g(s,v(s))) ds

/ K(t,s)(f(s,u(s)) — g(s,v(s))) ds

#h).

where we utilize the given simplification in the above inequality

|[Fu(t) — Go(t)] S/O [K (2, 8)[ 1 (s,u(s)) = g(s,0(s))| ds.

Applying condition (20), we get

|Fu(t) — Go(t)| (|Fu(t) — Gu(t)| + h) < <L1 lu(t) —v(t)|/0 |K(t,s)ds>

« <L1 lu(t) — v(t)| /Ot K (t, )| ds + ﬁ) .
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Applying condition (21), we obtain
|Fu(t) — Go()|(|Fu(t) — Gu(t)] + h) < (5L1 lu(t) — v(t)|> (6L1 u(t) — v(t)] + h)
Since 0L; < 1, we have 0L; |u(t) — v(t)| < |u(t) — v(t)], so the map ¢ gives

(L1 ut) = v@)]) (8L1 [u(t) = v(®)] + ) < 0Ly fu(t) = v(®)] (Ju(t) = v(t)] + 7).
Combining the two inequalities above yields
[Fu(t) = Gu(®)|(|Fu(t) — Gu(®)] + h) < 6Ly [u(t) — v(®)|(lu(t) — v()] + h).
Taking the supremum over ¢ € [0, 1] and setting A = 0L; € (0,1), we obtain
d(Fu, Gv) < Xd(u,v).

By Theorem 2.1, the operators F' and G satisfy the hypotheses for the existence of a unique common fixed
point u* € X, i.e. Fu* = Gu* = u*. Hence, the Volterra integral equation admits a unique solution.

4. Conclusion and Future Directions

This paper successfully establishes a unified fixed point theory in complete suprametric spaces by prov-
ing four distinct common fixed point theorems for pairs of self-mappings under Banach-type, Reich-type,
Cirié—type, and rational Gupta-Saxena type contractive conditions. Each theorem is supported by detailed
examples that verify the contractive hypotheses and confirm the existence and uniqueness of common fixed
points. The suprametric framework, characterized by the parameter i > 0 that relaxes the classical triangle
inequality through a nonlinear correction term, provides a significantly more general and flexible setting than
traditional metric spaces while still preserving essential convergence properties. This structure naturally en-
compasses both classical metric spaces and b-metric spaces as special cases, making the results broadly
applicable to nonlinear problems where standard distance measures prove too restrictive. The practical
utility of this theoretical framework is demonstrated through its application to Volterra integral equations
of the second kind, where the integral operators are shown to satisfy Banach-type contractions under ap-
propriate Lipschitz and kernel boundedness conditions, thereby establishing existence and uniqueness of
solutions for equations commonly arising in mathematical physics, engineering, and biological systems with
memory effects. The paper opens promising avenues for future research, particularly regarding extensions
to multivalued contractions and applications to fractional-order dynamical systems including the fractional
Lorenz system and fractional King Cobra population models, where the flexibility of suprametric spaces
could provide valuable new analytical tools. Overall, this work demonstrates that suprametric spaces offer
a natural, powerful, and practically relevant setting for fixed point theory, successfully unifying classical
contraction principles while extending their reach to more general mathematical structures and real-world
applications.

Open Problems:

i Can Theorems 2.1-2.5 be generalized to the framework of multivalued contractions in order to obtain
analogous fixed point or best proximity point results?

ii To what extent can Theorems 2.1-2.5 be applied to establish the existence and uniqueness of solutions
for fractional-order dynamical systems, including models such as the fractional-order Lorenz system
[4], the fractional-order King cobra model [5], and other related fractional-order systems [3]7
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