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Abstract

In this paper, we introduce some coupled fixed point theorems in a partial order Gb-metric space for various
contractions. We provide some examples for supporting the results..
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1. Introduction

The fixed point theory has wide applications in various fields such as physics, computer science, applied
mathematics, economics, social sciences, engineering, etc. For the certain mappings in functional analysis to
investigate the existence and uniqueness of the fixed points in different metric spaces which are generalized
by many authors by different ways. Czerwik [25] introduced b-metric space. Zead Mustafa and Brailey Sims
[29] discovered the new generalization of the metric space called G-metric space. Some authors has proved
the existence and uniqueness of a fixed point of a contraction mapping in a partially ordered complete metric
space. Aghajani and et al. [2] coined the new structure of metric space, called Gb-metric space which is
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the mixture of G-metric space and b-metric space and obtained the results with Gb-metric space [1]. Also,
many authors [3], [9], [10], [11], [14], [15], [16], [17], [21], [22] proved the fixed point theorems in G-metric
space. Bhaskar and Laxmikantham et. al developed the concept of a coupled fixed point result in a partially
ordered metric spaces. In this paper, we prove the coupled fixed point results for mappings with mixed
monotone property and mixed g-monotone property in partially ordered Gb-metric space. The existence of
fixed point theorems in partially ordered sets has been discovered by D. O’Regan and A. Petrusel [7] and
others proved the coupled fixed point theorems [4], [5], [6], [8], [12], [18], [19], [20],[23], [24], [27], [28]. We
illustrate the examples for given theorems.

2. Preliminaries

Definition 2.1. [2] Let X be a nonempty set and s ≥ 1 be a given real number. Suppose that a mapping
Gb : X ×X ×X → R+ satisfies:

(i) Gb(x, y, z) = 0 if x = y = z for all x, y, z ∈ X ;

(ii) 0 < Gb(x, x, y) for all x, y, z ∈ X with x ̸= y;

(iii) Gb(x, x, y) ≤ Gb(x, y, z) for all x, y, z with y ̸= z ;

(iv) Gb(x, y, z) = Gb(px, z, y), where p is a permutation of x, y, z (symmetry);

(v) Gb(x, y, z) ≤ s[Gb(x, a, a) +Gb(a, y, z)], for all x, y, z, a ∈ X.

Then Gb is called a generalized b-metric or Gb-metric on X. The ordered pair (X,Gb) is called generalized
b-metric or Gb-metric space.

Following example shows that a Gb-metric on X need not be a G-metric on X.

Example 2.2. [2] Let (X,G) be a G-metric space and for all x, y, z ∈ R,G∗(x, y, z) = G(x, y, z)p; where
p > 1 is a real number. Note that G∗ is a Gb-metric with s = 2P−1.

Also in the above example, (X,G∗) is not necessarily a G-metric space. For example, let X = R and
G-metric be defined by

G(x, y, z) =
1

3

(
|x− y|+ |y − z|+ |x− z|

)
.

for all x, y, z ∈ R.

Example 2.3. Let X = R and a mapping Gb : X ×X ×X → R+ is defined as

Gb(x, y, z) = max{|x− y|2, |y − z|2, |x− z|2}.

for all x, y, z ∈ R. Then (X,Gb) is a Gb-metric space with the coefficient s = 2.

Definition 2.4. [2] Let X be a Gb-metric space. A sequence {xn} in X is said to be :

(i) Gb-Cauchy sequence if, for each ϵ > 0, there exists a positive integer n0 ∈ N such that, for all
m,n, l ≥ n0, G(xn, xm, xl) < ϵ;

(ii) Gb-convergent to a point x ∈ X if, for each ϵ > 0, there exists a positive integer n0 ∈ N such that, for
all m,n ≥ n0, G(xn, xm, x) < ϵ.

Proposition 2.5. [2] Let (X,Gb) be a Gb-metric space. Then the following are equivalent:

(i) xn is Gb-convergent to x.
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(ii) Gb(xn, xn, x) → 0, as n → ∞.

(iii) Gb(xn, x, x) → 0, as n → ∞.

Proposition 2.6. [2] Let (X,Gb) be a Gb-metric space. Then the following are equivalent.

(i) The sequence {xn} is Gb-Cauchy.

(ii) For every ϵ > 0, there exists n0 ∈ N such that Gb(xn, xm, xm) < ϵ, for all n,m ≥ n0.

Definition 2.7. [2] A Gb-metric spaceX is called Gb-complete if every Gb-Cauchy sequence is Gb-convergent
in X.

Definition 2.8. [2] Let (X,Gb), (X
′, G′

b) be two Gb-metric spaces. Then a function T : X → X is Gb-
continuous at a point x ∈ X if and only if it is Gb sequentially continuous at x, that is {T (xn)} is Gb-
convergent to T (x), whenever {xn} is Gb-convergent to x.

Definition 2.9. [26] Let (X,⪯) be a partially ordered set and F : X×X → X be a mapping. The mapping
F is said to have the mixed monotone property if F is monotone non-decreasing in x and is monotone
non-increasing in y, that is , for any x, y ∈ X,

x1, x2 ∈ X, x1 ≤ x2 ⇒ F (x1, y) ≤ F (x2, y)

and
y1, y2 ∈ X, y1 ≤ y2 ⇒ F (x, y1) ≥ F (x, y2).

Definition 2.10. [13] Let (X,⪯) be a partially ordered set and F : X × X → X and g : X → X. The
function F is said to have the mixed g-monotone property if F (x, y) is monotone g-nondecreasing in x and
is monotone g-nonincreasing in y, that is, for any x, y ∈ X,

g(x1) ≤ g(x2) ⇒ F (x1, y) ≤ F (x2, y), for x1, x2 ∈ X

and
g(y1) ≤ g(y2) ⇒ F (x, y1) ≥ F (x, y2), for y1, y2 ∈ X.

It is clear that Definition 2.10 reduces to Definition 2.9 when g is the identity.

Definition 2.11. [26] An element (x, y) ∈ X ×X, when X is any non-empty set, is called a coupled fixed
point of the mapping F : X ×X → X if F (x, y) = x and F (y, x) = y.

Definition 2.12. [13] An element (x, y) ∈ X × X, when X is any non-empty set, is called a coupled
coincidence point of the mappings F : X ×X → X and g : X → X if F (x, y) = gx and F (y, x) = gy.

Definition 2.13. [13] An element (x, y) ∈ X×X, when X is any non-empty set, is called a coupled common
fixed point of the mappings F : X ×X → X and g : X → X if F (x, y) = gx = x and F (y, x) = gy = y.

Definition 2.14. [13] Let X be a non-empty set, then we say that the mappings F : X × X → X and
g : X → X are commutative if gF (x, y) = F (gx, gy).

Definition 2.15. Let (X,Gb) be a Gb-metric space. A mapping F : X ×X → X is said to be continuous
if for any two Gb-convergent sequences {xn} and {yn} converging to x and y respectively, {F (xn, yn)} is
Gb-convergent to F (x, y).

Theorem 2.16. [30] Let (X,G) be complete G-metric space and T : X → X be a given mapping satisfying
the following condition for all x, y, z ∈ X;

G(Tx, Ty, Tz) ≤ kG(x, y, z),

where k ∈ [0, 1). Then T has a unique fixed point.



D. R. Nhavi and C. T. Aage, Lett. Nonlinear Anal. Appl. 4 (2026), 104-116 107

Theorem 2.17. [6] Let (X,⪯) be a partially ordered set and G be a G-metric on X such that (X,G) is
complete G-metric space. Let F : X×X → X be a continuous mapping having the mixed monotone property
on X. Assume that there exists a k ∈ [0, 1) such that for x, y, z, u, v, w ∈ X, the mappings satisfying

G (F (x, y), F (u, v), F (w, z)) ≤ k

2
[G(x, u, w) +G(y, v, z)] (1)

for all x ≥ u ≥ w and y ≤ v ≤ z, where u ̸= w or v ̸= z. if there exists x0, y0 ∈ X such that x0 ≤ F (x0, y0)
and y0 ≥ F (y0, x0), then F has a coupled fixed point in X, that is, there exists x, y ∈ X such that x = F (x, y)
and y = F (y, x).

3. Main Results

We generalized Theorem 2.17 in Gb-metric space.

Theorem 3.1. Let (X,⪯) be a partially ordered set and suppose that there exists Gb-metric in X such
that (X,Gb) is a complete metric space. Let F : X × X → X be a continuous mapping having the mixed
monotone property on X. Assume that there exist sk ∈ [0, 1) and s ≥ 1 such that the mappings satisfy

Gb (F (x, y), F (u, v), F (w, z)) ≤ k

2
[Gb(x, u, w) +Gb(y, v, z)] (2)

for x, u, w ∈ X with x ≥ u ≥ w and for y, v, z ∈ X with y ≤ v ≤ z, where either u ̸= w or v ̸= z.
if there exists x0, y0 ∈ X such that x0 ≤ F (x0, y0) and y0 ≥ F (y0, x0), then F has a coupled fixed point
(x, y) ∈ X ×X, that is, there exist x, y ∈ X such that x = F (x, y) and y = F (y, x).

Proof: Given that there exists x0, y0 ∈ X such that x0 ≤ F (x0, y0) and y0 ≥ F (y0, x0). We define
x1, y1 ∈ X such that x1 = F (x0, y0) ≥ x0 and y1 = F (y0, x0) ≤ y0. Let x2 = F (x1, y1) and y2 = F (y1, x1),
we write

F 2(x0, y0) = F (F (x0, y0), F (y0, x0)) = F (x1, y1) = x2

and
F 2(y0, x0) = F (F (y0, x0), F (x0, y0)) = F (y1, x1) = y2.

By the mixed monotone property of F , we have

x2 = F 2(x0, y0) = F (x1, y1) ≥ F (x0, y0) = x1 ≥ x0

and
y2 = F 2(y0, x0) = F (y1, x1) ≤ F (y0, x0) = y1 ≤ y0,

continuing in this way, we have for all n ≥ 0

xn+1 = Fn+1(x0, y0) = F (Fn(x0, y0), F
n(y0, x0))

and
yn+1 = Fn+1(y0, x0) = F (Fn(y0, x0), F

n(x0, y0).

Then for all n ≥ 0,

x0 ≤ F (x0, y0) = x1 ≤ F 2(x0, y0) = x2 ≤ · · · ≤ Fn+1(x0, y0) = xn+1 ≤ · · ·

and
y0 ≥ F (y0, x0) = y1 ≥ F 2(y0, x0) = y2 ≥ · · · ≥ Fn+1(y0, x0) = yn+1 ≥ · · ·
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If (xn+1, yn+1) = (xn, yn), then

(xn+1, yn+1) = (Fn+1(x0, y0), F
n+1(y0, x0))

(xn, yn) = F (Fn(x0, y0), F
n(y0, x0))

= F (xn, yn).

Hence F has a coupled fixed point. Suppose that (xn+1, yn+1) ̸= (xn, yn) for all n ≥ 0, that is we assume
either xn+1 = F (xn, yn) ̸= xn or yn+1 = F (yn, xn) ̸= yn. We claim that, for all n ≥ 0

Gb(F
n(x0, y0), F

n+1(x0, y0),F
n+1(x0, y0))

≤ kn

2
[Gb (x0, F (x0, y0), F (x0, y0)) +Gb(y0, F (y0, x0), F (y0, x0))] (3)

and

Gb(F
n(y0, x0), F

n+1(y0, x0),F
n+1(y0, x0))

≤ kn

2
[Gb(y0, F (y0, x0), F (y0, x0)) +Gb(x0, F (x0, y0), F (x0, y0))] (4)

We prove this by using induction on n. For n = 1, we have

Gb

(
F (x0, y0),F

2(x0, y0), F
2(x0, y0)

)
= Gb (F (x0, y0), F (F (x0, y0), F (y0, x0)) , F (F (x0, y0), F (y0, x0)))

≤ k

2
[Gb (x0, F (x0, y0), F (x0, y0)) +Gb (y0, F (y0, x0), F (y0, x0))] .

Since x0 ≤ F (x0, y0) and y0 ≥ F (y0, x0), therefore

Gb(x1, x2, x2) ≤
k

2
[Gb(x0, x1, x1) +Gb(y0, y1, y1)] .

Similarly, we can prove that

Gb(y1, y2, y2) ≤
k

2
[Gb(y0, y1, y1) +Gb(x0, x1, x1)] .

Thus inequalities (3) and (4) true for n = 1.
Now assume that inequalities (3) and (4) true for n = m. By using Fm+1(x0, y0) ≥ Fm(x0, y0) and

Fm+1(y0, x0) ≤ Fm(y0, x0), we get

Gb

(
Fm+1(x0, y0), F

m+2(x0, y0), F
m+2(x0, y0)

)
= Gb

(
F (Fm(x0, y0), F

m(y0, x0)) , F
(
Fm+1(x0, y0), F

m+1(y0, x0)
)
, F

(
Fm+1(x0, y0), F

m+1(y0, x0)
))

≤ k

2

[
Gb

(
Fm(x0, y0), F

m+1(x0, y0), F
m+1(x0, y0)

)
+Gb

(
Fm(y0, x0), F

m+1(y0, x0), F
m+1(y0, x0)

) ]
.

Since Fm(x0, y0) = F (xm, ym) ≥ xm and Fm(y0, x0) = F (ym, xm) ≤ ym. Also since either xm+1 =
F (xm, ym) ̸= xm or ym+1 = F (ym, xm) ̸= ym. Therefore

Gb

(
Fm+1(x0, y0), F

m+2(x0, y0), F
m+2(x0, y0)

)
≤ k

2

[km
2

[Gb (x0, F (x0, y0), F (x0, y0)) +Gb (y0, F (y0, x0), F (y0, x0))]

+
km

2
[Gb (y0, F (y0, x0), F (y0, x0)) +Gb (x0, F (x0, y0), F (x0, y0))]

]
≤ km+1

2
[Gb (x0, F (x0, y0), F (x0, y0)) +Gb (y0, F (y0, x0), F (y0, x0))] .
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Similarly, we can prove that

Gb

(
Fm+1(y0, x0), F

m+2(y0, x0), F
m+2(y0, x0)

)
≤ km+1

2
[Gb (y0, F (y0, x0), F (y0, x0)) +Gb (x0, F (x0, y0), F (x0, y0))] .

Hence equations (3) and (4) are true for n = m+1. Thus by principle of mathematical induction equations
(3) and (4) are true for all n ≥ 0.

Now claim that {xn} = {Fn(x0, y0)} and {yn} = {Fn(y0, x0)} are Cauchy sequences. For all n,m, n < m
and by (v)-th property of Gb-metric space, we have

Gb (F
n(x0, y0), F

m(x0, y0), F
m(x0, y0))

≤ s
[
Gb

(
Fn(x0, y0), F

n+1(x0, y0), F
n+1(x0, y0)

)
+Gb

(
Fn+1(x0, y0), F

m(x0, y0), F
m(x0, y0)

) ]
≤ skn

2

[
Gb (x0, F (x0, y0), F (x0, y0)) +Gb (y0, F (y0, x0), F (y0, x0))

]
+ s2

[
Gb

(
Fn+1(x0, y0), F

n+2(x0, y0), F
n+2(x0, y0)

)
+Gb

(
Fn+2(x0, y0), F

m(x0, y0), F
m(x0, y0)

) ]
≤

(skn
2

+
s2kn+1

2
+

s3kn+2

2
+ · · ·+ sm−1kn+m−2

2
+

sm−1kn+m−1

2

)[
Gb (x0, F (x0, y0), F (x0, y0))

+Gb (y0, F (y0, x0), F (y0, x0))
]

≤ skn

2

(
1 + sk + (sk)2 + · · ·+ (sk)m−2 + (sk)m−2k

)[
Gb (x0, F (x0, y0), F (x0, y0))

+Gb (y0, F (y0, x0), F (y0, x0))
]

≤ skn

[
1− (sk)n−(m−2)

(1− sk)
+ k(sk)m−2

]
[Gb (x0, F (x0, y0), F (x0, y0)) +Gb (y0, F (y0, x0), F (y0, x0))] ,

that is

Gb(xn, xm, xm) ≤ skn

[
1− (sk)n−(m−2)

(1− sk)
+ k(sk)m−2

]
[Gb (x0, x1, x1) +Gb(y0, y1, y1)] .

As n,m → ∞, we get
lim

n,m→∞
Gb(xn, xm, xm) = 0.

Thus {xn} = {Fn(x0, y0)} is a Gb-Cauchy sequence. Since (X,Gb) is complete Gb-metric space, hence {xn}
is a Gb-convergent sequence. That is as n → ∞, xn → x.

Similarly {yn} = {Fn(y0, x0)} is a Gb-Cauchy sequence. Since (X,Gb) is complete Gb-metric space,
hence {yn} is a Gb-convergent sequence. That is as n → ∞, yn → y. Now we show that F has a coupled
fixed point in X. By using equation (3) we have

Gb

(
Fn(x0, y0), F

n+1(x0, y0), F
n+1(x0, y0)

)
≤ kn

2
[Gb (x0, F (x0, y0), F (x0, y0)) +Gb (y0, F (y0, x0), F (y0, x0))] .

That is

Gb (xn, F (xn, yn), F (xn, yn)) ≤
kn

2
[Gb(x0, x1, x1) +Gb(y0, y1, y1)] .

Letting n → ∞ and since F is continuous, we have

Gb(x, F (x, y), F (x, y)) ≤ 0 ⇒ F (x, y) = x.

Similarly, we have F (y, x) = y. Hence (x, y) is a coupled fixed point of X.

Now, we extend the theorem 2.16 in view of the existence and uniqueness of a common fixed point. It
is given as follows.
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Theorem 3.2. Let (X,Gb) be a Gb-metric space. Let F : X → X and g : X → X be two mappings such
that

Gb(Fx, Fy, Fz) ≤ kGb(gx, gy, gz) (5)

for all x, y, z ∈ X Assume that F and g satisfy the following conditions:

(i) F (X) ⊆ g(X)

(ii) g(X) is Gb-complete and

(iii) g is Gb-continuous and commutes with F

If k ∈ [0, 1), then there is a unique x in X such that gx = Fx = x.

Proof: Let x0 ∈ X and given that F (X) ⊆ g(X), we choose x1 ∈ X such that gx1 = Fx0. Also, we
choose x2 ∈ X such that gx2 = Fx1. Continuing in this way, we can construct the sequence {xn} in X such
that gxn+1 = Fxn. By inequality (5) and for n ∈ N , we have

Gb(gxn, gxn+1, gxn+1) = Gb(Fxn−1, Fxn, Fxn)

≤ kGb(gxn−1, gxn, gxn)

...

≤ knGb(gx0, gx1, gx1). (6)

For all n,m ∈ N,n < m and by (v)-th property of Gb- metric space, we have

Gb(gxn, gxm, gxm) ≤ s [Gb(gxn, gxn+1, gxn+1) +Gb(gxn+1, gxm, gxm)]

≤ s [Gb(gxn, gxn+1, gxn+1) + s [Gb(gxn+1, gxn+2, gxn+2) +Gb(gxn+2, gxm, gxm)]]

≤ sGb(gxn, gxn+1, gxn+1) + s2Gb(gxn+1, gxn+2, gxn+2) + · · ·
+ sm−1 [Gb(gxm−2, gxm−1, gxm−1) +Gb(gxm−1, gxm, gxm)]

≤ sknGb(gx0, gx1, gx1) + s2kn+1Gb(gx0, gx1, gx1) + · · ·
+ sm−1kn+m−2Gb(gx0, gx1, gx1) + sm−1kn+m−1Gb(gx0, gx1, gx1)

≤ skn
[
1 + sk + (sk)2 + · · ·+ (sk)m−2

]
Gb(gx0, gx1, gx1)

+ (sk)m−2kGb(gx0, gx1, gx1)

≤ skn
[1− (sk)n−(m−2)

(1− sk)
+ (sk)m−2k

]
Gb(gx0, gx1, gx1).

That is

Gb(gxn, gxm, gxm) ≤ skn

[
1− (sk)n−(m−2)

(1− sk)
+ k(sk)m−2

]
Gb(gx0, gx1, gx1)

As n,m → ∞, we get
lim

n,m→∞
Gb(gxn, gxm, gxm) = 0.

Thus {gxn} is a Gb-Cauchy sequence in g(X). Since g(X) is Gb-complete, hence {gxn} is a Gb-convergent
sequence. That is as n → ∞, gxn → x.

Since g is Gb-continuous, therefore {ggxn} is a Gb-convergent to gx. Also g is commutes with F , therefore
ggxn+1 = gFxn = Fgxn. Hence

Gb(ggxn+1, Fx, Fx) = Gb(Fgxn, Fx, Fx)

≤ kGb(ggxn, gx, gx).
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As n → ∞ and Gb is continuous, then we have

Gb(gx, Fx, Fx) ≤ kGb(gx, gx, gx) = 0.

Thus gx = Fx. Hence (x, y) is a coupled coincidence point of F and g.
Since {gxn+1} is subsequence of {gxn}, therefore {gxn+1} is a Gb- convergent to x. Thus

Gb(gxn+1, gx, gx) = Gb(gxn+1, Fx, Fx)

= Gb(Fxn, Fx, Fx)

≤ kGb(gxn, gx, gx).

As n → ∞ and Gb is continuous, then we have

Gb(x, gx, gx) ≤ kGb(x, gx, gx) ⇒ (1− k)Gb(x, gx, gx) ≤ 0.

Since k ∈ [0, 1), therefore
Gb(x, gx, gx) = 0.

Hence x = gx. This implies that gx = Fx = x.
For uniqueness suppose x ̸= u and u ∈ X is another fixed point of F and g , i.e. gu = Fu = u. Then

Gb(x, u, u) = Gb(Fx, Fu, Fu) ≤ kGb(gx, gu, gu) ≤ kGb(x, u, u) ⇒ (1− k)Gb(x, u, u) ≤ 0.

Since k ∈ [0, 1), we have Gb(x, u, u) = 0, that is x = u. Hence F and g have unique common fixed point.

Corollary 3.3. Let (X,Gb) be a Gb-metric space. Let F : X → X and g : X → X be two mappings such
that

Gb(Fx, Fy, Fy) ≤ kGb(gx, gy, gy)

for all x, y ∈ X Assume that F and g satisfy the following conditions:

(i) F (X) ⊆ g(X)

(ii) g(X) is Gb-complete and

(iii) g is Gb-continuous and commutes with F

If k ∈ [0, 1) then there is a unique x in X such that gx = Fx = x.

Proof: By taking z = y in Theorem (2.2), we get proof of this corollary.

Theorem 3.4. Let (X,Gb) be a complete Gb-metric space. Let F : X × X → X and g : X → X be two
mappings such that

Gb(F (x, y), F (u, v), F (w, z)) ≤ k

2
[Gb(gx, gu, gw) +Gb(gy, gv, gz)] (7)

Assume that F and g satisfy the following conditions:

(i) F (X ×X) ⊆ g(X)

(ii) g(X) is Gb-complete and

(iii) g is Gb-continuous and commutes with F .
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If k ∈ [0, 1) and for x, u, w ∈ X with gx ≥ gu ≥ gw and for y, v, z ∈ X with gy ≤ gv ≤ gz, where either
u ̸= w or v ̸= z. If there exists x0, y0 ∈ X such that gx0 ≤ F (x0, y0) and gy0 ≥ F (y0, x0), then there exists
x, y ∈ X such that gx = F (x, y) and gy = F (y, x), that is F and g have coupled coincidence points. Also,
there is a unique common fixed point x in X such that gx = F (x, x) = x.

Proof: Let x0, y0 ∈ X and given that F (X×X) ⊆ g(X), we choose x1, y1 ∈ X such that gx1 = F (x0, y0)
and gy1 = F (y0, x0). Also, we choose x2, y2 ∈ X such that gx2 = F (x1, y1) and gy2 = F (y1, x1). Continuing
in this way, we can construct the sequences {xn} and {yn} in X such that gxn+1 = F (xn, yn) and gyn+1 =
F (yn, xn). By equation (7) and for n ∈ N , we have

Gb(gxn, gxn+1, gxn+1) = Gb (F (xn−1, yn−1), F (xn, yn), F (xn, yn))

≤ k

2
[Gb(gxn−1, gxn, gxn) +Gb(gyn−1, gyn, gyn)] . (8)

Now

Gb(gxn−1, gxn, gxn) = Gb (F (xn−2, yn−2), F (xn−1, yn−1), F (xn−1, yn−1))

≤ k

2
[Gb(gxn−2, gxn−1, gxn−1) +Gb(gyn−2, gyn−1, gyn−1)]

and

Gb(gyn−1, gyn, gyn) = Gb(F (yn−2, xn−2), F (yn−1, xn−1), F (yn−1, xn−1))

≤ k

2
[Gb(gyn−2, gyn−1, gyn−1) +Gb(gxn−2, gxn−1, gxn−1)]

Therefore

Gb(gxn−1, gxn,gxn) +Gb(gyn−1, gyn, gyn)

≤ k [Gb(gxn−2, gxn−1, gxn−1) +Gb(gyn−2, gyn−1, gyn−1)]

which is holds for all n ∈ N . Hence the equation (8) becomes

Gb(gxn, gxn+1, gxn+1) ≤
k2

2
[Gb(gxn−2, gxn−1, gxn−1) +Gb(gyn−2, gyn−1, gyn−1)]

≤ k3

2
[Gb(gxn−3, gxn−2, gxn−2) +Gb(gyn−3, gyn−2, gyn−2)] · · ·

≤ kn

2
[Gb(gx0, gx1, gx1) +Gb(gy0, gy1, gy1)] .

Thus for all n ∈ N , we have

Gb(gxn, gxn+1, gxn+1) ≤
kn

2
[Gb(gx0, gx1, gx1) +Gb(gy0, gy1, gy1)] . (9)
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For all n,m ∈ N,n < m and by (v)-th property of Gb-metric space, we have

Gb(gxn, gxm, gxm) ≤ s [Gb(gxn, gxn+1, gxn+1) +Gb(gxn+1, gxm, gxm)]

≤ s [Gb(gxn, gxn+1, gxn+1) + s [Gb(gxn+1, gxn+2, gxn+2) +Gb(gxn+2, gxm, gxm)]]

≤ sGb(gxn, gxn+1, gxn+1) + s2Gb(gxn+1, gxn+2, gxn+2) + · · ·
+ sm−1 [Gb(gxm−2, gxm−1, gxm−1) +Gb(gxm−1, gxm, gxm)]

≤ s
kn

2
[Gb(gx0, gx1, gx1) +Gb(gy0, gy1, gy1)]

+ s2
kn+1

2
[Gb(gx0, gx1, gx1) +Gb(gy0, gy1, gy1)]

+ · · ·+ sm−1k
n+m−2

2
[Gb(gx0, gx1, gx1) +Gb(gy0, gy1, gy1)]

+ sm−1k
n+m−1

2
[Gb(gx0, gx1, gx1) +Gb(gy0, gy1, gy1)]

≤ skn

2

[ [
1 + sk + (sk)2 + · · ·+ (sk)m−2

]
[Gb(gx0, gx1, gx1) +Gb(gy0, gy1, gy1)]

+ (sk)m−2k
]
[Gb(gx0, gx1, gx1) +Gb(gy0, gy1, gy1)]

≤ skn

2

[
1− (sk)n−(m−2)

(1− sk)
+ (sk)m−2k

]
[Gb(gx0, gx1, gx1) +Gb(gy0, gy1, gy1)] .

That is

Gb(gxn, gxm, gxm) ≤ skn

2

[
1− (sk)n−(m−2)

(1− sk)
+ k(sk)m−2

]
[Gb(gx0, gx1, gx1) +Gb(gy0, gy1, gy1)] .

As n,m → ∞, we get
lim

n,m→∞
Gb(gxn, gxm, gxm) = 0.

Thus {gxn} is a Gb-Cauchy sequence in g(X). Since g(X) is Gb-complete, hence {gxn} is a Gb-convergent
sequence. That is as n → ∞, gxn → x.

Similarly {gyn} is a Gb-Cauchy sequence in g(X). Since g(X) is Gb-complete, hence {gyn} is a Gb-
convergent sequence. That is as n → ∞, gyn → y.

Since g is Gb-continuous, therefore {ggxn} is a Gb-convergent to gx and {ggyn} is a Gb-convergent to gy.
Also g is commutes with F , therefore ggxn+1 = g(F (xn, yn)) = F (gxn, gyn) and ggyn+1 = g(F (yn, xn)) =
F (gyn, gxn). Hence

Gb(ggxn+1, F (x, y), F (x, y)) = Gb (F (gxn, gyn), F (x, y), F (x, y))

≤ k

2
[Gb(ggxn, gx, gx) +Gb(ggyn, gy, gy)] .

As n → ∞ and Gb is continuous, then we have

Gb(gx, F (x, y), F (x, y)) ≤ k

2
[Gb(gx, gx, gx) +Gb(gy, gy, gy)] = 0.

Thus gx = F (x, y). Similarly, we can show that gy = F (y, x). Hence (x, y) is a coupled coincidence point
of F and g.

Since {gxn+1} is subsequence of {gxn}, therefore {gxn+1} is a Gb-convergent to x. Thus

Gb(gxn+1, gx, gx) = Gb (gxn+1, F (x, y), F (x, y))

= Gb (F (xn, yn), F (x, y), F (x, y))

≤ k

2
[Gb(gxn, gx, gx) +Gb(gyn, gy, gy)] .
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As n → ∞ and Gb is continuous, then we have

Gb(x, gx, gx) ≤
k

2
[Gb(x, gx, gx) +Gb(y, gy, gy)] .

Similarly, we can show that

Gb(y, gy, gy) ≤
k

2
[Gb(x, gx, gx) +Gb(y, gy, gy)] .

Hence

Gb(x, gx, gx) +Gb(y, gy, gy) ≤ k [Gb(x, gx, gx) +Gb(y, gy, gy)]

⇒ (1− k) [Gb(x, gx, gx) +Gb(y, gy, gy)] ≤ 0.

Since k ∈ [0, 1), therefore
Gb(x, gx, gx) +Gb(y, gy, gy) = 0.

It implies that Gb(x, gx, gx) = 0 and Gb(y, gy, gy) = 0. Hence x = gx and y = gy, so gx = F (x, x) = x.
For uniqueness suppose x ̸= u and u ∈ X is another fixed point of F and g, i.e. gu = F (u, u) = u. Then

Gb(x, u, u) = Gb (F (x, x), F (u, u), F (u, u))

≤ kGb(gx, gu, gu) = kGb(x, u, u)

⇒ (1− k)Gb(x,u, u) ≤ 0.

Since k ∈ [0, 1), we have Gb(x, u, u) = 0, that is x = u. Hence F and g have unique common fixed point.

Corollary 3.5. Let (X,Gb) be a complete Gb-metric space. Let F : X × X → X and g : X → X be two
mappings such that

Gb (F (x, y), F (u, v), F (u, v)) ≤ k

2
[Gb(gx, gu, gu) +Gb(gy, gv, gv)]

for all x, y, u, v ∈ X Assume that F and g satisfy the following conditions:

(i) F (X ×X) ⊆ g(X)

(ii) g(X) is Gb-complete and

(iii) g is Gb-continuous and commutes with F

If k ∈ [0, 1) then there is a unique x in X such that gx = F (x, x) = x.

Proof: By taking z = u and w = v in Theorem (2.4), we get proof of this corollary. Enumerations:

Example 3.6. Let X = R. Let us define G : X ×X ×X → [0,+∞) by

Gb(x, y, z) = |2x− y|+ |2y − z|+ |2x− z|

for all x, y, z ∈ X. Then (X,Gb) be a complete Gb-metric space. Define a map F : X ×X → X by

F (x, y) =
x

3
− y

4
.
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Then for all x, y, z, u, v, w ∈ X, we have

Gb(F (x, y), F (u, v), F (w, z)) =

∣∣∣∣(2x

3
− y

2

)
−
(u
3
− v

4

)∣∣∣∣+ ∣∣∣∣(2u

3
− v

2

)
−
(w
3
− z

4

)∣∣∣∣
+

∣∣∣∣(2x

3
− y

2

)
−
(w
3
− z

4

)∣∣∣∣
≤ 1

3

(
|2x− u|+ |2u− w|+ |2x− w|

)
+

1

4

(
|2y − v|+ |2v − z|+ |2y − z|

)
≤ k

2

[
Gb(x, u, w) +Gb(y, v, z)

]
.

where k ∈ [0, 1). It is easy to see that 0 is the unique fixed point.

Example 3.7. Let X = R Let us define G : X ×X ×X → [0,+∞) by

Gb(x, y, z) = |2x− y|+ |2y − z|+ |2x− z|

for all x, y, z ∈ X. Then (X,Gb) be a complete Gb-metric space. Define a map F : X ×X → X by

F (x, y) =
x

3
− y

4

and g : X → X by g(x) =
4x

9
. Then for all x, y, z, u, v, w ∈ X, we have

Gb(F (x, y), F (u, v), F (w, z)) =

∣∣∣∣(2x

3
− y

2

)
−
(u
3
− v

4

)∣∣∣∣+ ∣∣∣∣(2u

3
− v

2

)
−
(w
3
− z

4

)∣∣∣∣
+

∣∣∣∣(2x

3
− y

2

)
−

(w
3
− z

4

)∣∣∣∣
≤ 1

3

(
|2x− u|+ |2u− w|+ |2x− w|

)
+

1

4

(
|2y − v|+ |2v − z|+ |2y − z|

)
≤ 1

3

[(
|2x− u|+ |2u− w|+ |2x− w|) + (|2y − v|+ |2v − z|+ |2y − z|

)]
.

Gb(gx, gu, gw) +Gb(gy, gv, gz) =

∣∣∣∣(8x

9
− 4u

9

)∣∣∣∣+ ∣∣∣∣(8u

9
− 4w

9

)∣∣∣∣+ ∣∣∣∣(8x

9
− 4w

9

)∣∣∣∣
+

∣∣∣∣(8y

9
− 4v

9

)∣∣∣∣+ ∣∣∣∣(8v

9
− 4z

9

)∣∣∣∣+ ∣∣∣∣(8y

9
− 4z

9

)∣∣∣∣
≤ 4

9

[
(|2x− u|+ |2u− w|+ |2x− w|)

+ (|2y − v|+ |2v − z|+ |2y − z|)
]
.

Hence

Gb(F (x, y), F (u, v), F (w, z)) ≤ k

2
[Gb(gx, gu, gw) +Gb(gy, gv, gz)] ,

where k ∈ [0, 1). It is easy to see that 0 is the unique fixed point.
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