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Abstract

This paper is dedicated to the study of common fixed point problem of nonexpansive mappings. Using
the double two-step inertial method and hybrid projection algorithm, we design a modified double two-step
inertial hybrid projection algorithm with two iterative sequences, and thus, a new variant of the hybrid pro-
jection algorithm is obtained. Then the previous two historical information of the two iterative sequences in
the algorithm are further utilized simultaneously. Interestingly, a new and extended lemma tool is presented,
it generalizes the known tools. This lemma tool plays an important role on the subsequent discussion in
this paper. We utiliz this lemma to establish the strong convergence theorem of the proposed algorithm. To
further verify the obtained results, two simple numerical experiments are provided. The conclusions obtained
in this paper generalize and extend some previous results.
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1. Introduction

In this paper, the goal is dedicated to the study of the common fixed point problem for two nonexpansive
mappings. Let H be a real Hilbert space with the inner product (.,.) and the norm || - || and C C H
be a nonempty, convex and closed subset. As is well known, the Mann iterative algorithm [1] has weak
convergence and a slow convergence speed. Then, modifying the Mann iterative algorithm to make it have
strong convergence is one of the research goals of many scholars. The hybrid projection algorithm [2] is a
fundamental algorithm that successfully modifies the Mann iterative algorithm to make it strongly convergent
and its form is as follows:

Set xg, € C

Yn = Ty + (1 — ap) Tz,

Cn = {p« € Clllyn — psll < anllzn — pl|}
@n = {p« € Cl(zn — ps, 20 — ) = 0}

Tnt1 = Po,ng, (20),

where T' is a nonexpansive mapping and «,, € (0,1). Notice that a mapping T is said to be nonexpansive
if |Tx —Ty| < ||z —y|| for all z,y € H. Therefore, many scholars have further conducted research on the
hybrid projection algorithm. He et al. in [3] studied the problem of numerical experimental implementation
of the hybrid projection algorithm. Kim et al. in [4] studied the hybrid projection algorithm for asymptotic
non-expanding mappings and established the corresponding strong convergence results. Martinez-Yanes |[5]
established a Ishikawa-type hybrid projection algorithm for nonexpansive mappings and its form is stated as
follows:

Set xg, € C

Zn = anty + (1 — ap)Tay,

Yn = Bnn + (1 — Bn) T2y

Cp = {ps € Olllyn — pell® < llzn — pull® + (1 = an)([[2al” = lzall* + 2(zn — 20, p4))}
Qn = {p+ € C|{xp — ps, 00 — x5) > 0}

Tny1 = Po,ng, (T0),

where T is a nonexpansive mapping, oy, 5, € (0,1) and oy, € (0,1-9],0 € (0, 1]. Marino et al. [6] established
a Ishikawa-type hybrid projection algorithm for nonexpansive mappings and its form is stated as follows:

Set xg, € C
Zn = apty + (1 —ap)Txy,
Co = {ps € Clllzn = pull® < Mz — pel® + (1 = an) (K — a2y — Ty [*}
Qn = {ps € C[{x)y, — ps,x0 — Ty) > 0}
(Zn+1 = Pc,nq. (7o),

where T is a k-strict pseudo-contractions, a;,, € (0,1). Notice that a mapping 7T is said to be a pseudo-
contractions if (Tz — Ty, z — y) < ||z — y||? for all x,y € H; a mapping T is said to be a k-strict pseudo-
contractions if [Tz — Ty||> < ||z — y||*> — (1 — &)||(I = T)z — (I — T)y|? for all z,y € H. In 2015, Dong et
al. [7] introduced a new modified hybrid projection algorithm as follows:

Set zg, xg, € C
Zntl = any + (1 — )Tz,
Cn = {ps € Olll2nt1 = pull” < anllzn — pell® + (1 = a2 — ps[1?} (1)
Qn = {p« € C|(xn — ps, 0 — T5) > 0}
(Zn+1 = Po,nq. (70),
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where T' is a nonexpansive mapping. In [7], Dong et al. utilized a new lemma tool to prove the strong
convergence theorems for their algorithms under some appropriate assumptions a, € [a,b] C (%, 1).

From the heavy ball method of two-order time dynamical system, an inertial extrapolation as an ac-
celeration process was proposed by Polyak [8] firstly to solve convex minimization problem. The inertial
algorithm is a two-step iterative method, that is, the next iterate is defined by making use of the previous
two iterates. Dong et al. in [9] combined the acceleration technology and hybrid projection algorithm and a
highly convergent algorithm was constructed, whose structure is as follows:

Set xg, 11 € C

Wy, = Ty, + Op(Ty, — Tp—1)

zn = (1 — an)wy, + apyTw,

Cn = {ps+ € Clllzn — p«l| < llwn — ps|1}
Qn = {p« € Cl(xy, — ps, T0 — ) > 0}
Tnt1 = Po,nq. (7o),

where T' is a nonexpansive mapping, a, € [a,1] C (0,1], § € [01,02], 01 € (—00,0],02 € [0,00). Tan et
al. in [10] combined the acceleration technology and hybrid projection algorithm and a highly convergent
algorithm was constructed, whose structure is as follows:

Set xg,x1 € C

Wy, = Tp, + Op (T, — Tp—1)

Zn41 = Qpzn + anTwy,

Cr = {ps € Olllznt1 — pull® < anllzn — pul? + (1 = an)lJwp — pi?}
Qn = {p* € C|<$n — Dx, X0 — fEn) > 0}

Tnt1 = Po,nq, (zo),

\

where T' is a nonexpansive mapping, «,, € [QL&, 1],a € (0,1), 0 € [01, 2], 01 € (—00,0],02 € [0,00). In 2025,
using the double inertial method, Weng et al. [11] introduced the following proceess:

(Set zo, 20, 21,71 € C
Wy, = Ty, + On(Ty, — Tp—1)
Yn = 2n + On(2n — 2n—1)
Znt1 = apwp + (1 — apn) Ty, (2)
Cp = {ps € Clll2nt1 = pul? < anllwn — pul? + (1 = an)llyn — pel|*}
Qn = {p« € Cl{xn — ps, 10 — p) 2 0}
Tnt1 = Po,nq, (%o),

where T is a nonexpansive mapping. In [11], Weng et al. utilized a new improved lemma tool to prove the
strong convergence theorems for their algorithms under some appropriate assumptions &y, 6, € [01, 2], 01 €
(—00,0],02 € [0,400), K = max{|d1],02},, € (iigﬁg;,v),'y € (%,1). For more research on the hybrid
projection algorithm, please refer to [12, 13]. In 2024, Mewomo et al. [14] studied the two-step inertial
Tseng’s extragradient method for solving variational inequality problem. In [14], the results of their numer-
ical experiments showed that the two-step inertial method has a positive effect on improving the iterative
performance of the proposed algorithm.

Since the two-step inertial method is effective in optimizing and enhancing the iterative performance of
algorithm (1), we naturally wonder whether the two-step inertial method is still effective in optimizing and
improving the iterative performance of algorithm (1). Compared with the one-step inertial method, the two-
step inertia method involves some additional information and calculations. Will this offset the advantages
brought by the two-step inertial method?
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Inspired by (1) and (2), based on hybrid projection algorithm, this paper uses the double two-step inertial
method to explore the common fixed point problem of two nonexpansive mappings. This paper mainly has
the following advantages:

(1). Based on this type of algorithm with two iterative sequences, we construct a strongly convergent
algorithm that can iteratively approximate the common fixed point of two different nonexpansive
mappings.

(2). We adopted a two-step inertial method for both iterative sequences of the algorithm to accelerate them
simultaneously. Subsequently, we verify the positive effect of the double two-step inertial method in
optimizing the performance of the algorithm by numerical experiments.

(3). In order to successfully establish the convergence theorem of the proposed algorithm, we improved a
known inequality tool to enable the theoretical proof to be logically feasible.

The structure of this paper is as follows. Section 2 provides the relevant lemma tools. Section 3 presents
the main results of this paper. Section 4 presents two numerical examples to verify the main results of this
paper. Section 5 summarizes this paper.

2. Mathematical Preliminaries

In this section, we first define the meanings of some symbols, then state some basic equations or inequal-
ities, and present some known conclusions that are needed as tools for this paper. Finally, we extended some
known tool inequalities and presented a new lemma tool.

Let N represent the set of positive integers. Let x, — x denote the weak convergence of a sequence
{z,} to a point € H, x,, — = denote the strong convergence of a sequence {z,} to a point x € H and
wyw(Tn) denote the set of all weak limits of {x,}, Fiz(T) = {x € C : Tx = x} denote the set of fixed
points of nonlinear mapping 7. The symbol I denotes the identity mapping. A mapping T : C — C'is
called nonexpansive if for all z,y € C it satisfies the the following inequality ||[Tx — Ty| < ||z — yl|. For
z,y,2 € H A7, & € R, then [z +y[I” = [[z]* + [lyl|* + 2(z, y), and

IAe +yy + €2)1% = Ml + 4y + €llzl1* = Mz = ylI* = Aelle — 2I* = 7€lly — 2|1

Suppose that H is a real Hilbert space, the subset K C H is convex and closed, Px is the metric
projection from H onto K (that is, for x € H, Px(z) is the only point in K such that ||z — Pg(x)| =
inf{||z — z|| : z € K}). Given € H and z € K. Then z = Pk (z) if and only if the following relation holds:

(x —z,y—2) <0 foralyeK.

Lemma 2.1. /5] Suppose that H is a real Hilbert space, the subset C C H is conver closed and nonempty.
Given x,y,2 € H anda € R. Let D = {v € C: |ly —v||* < ||z — v|? + (2,v) + a}, then D is conver and
closed.

Lemma 2.2. [15] Suppose that H is a real Hilbert space, the subset C C H is convex closed and nonempty,
the mapping T : C — C' is nonexpansive. Let {x,} be a sequence in C and x € H such that x, — x and
Txy, —xn — 0 as n — +o0o. Then x € Fiz(T).

Lemma 2.3. [5] Suppose that H is a real Hilbert space, the subset C' C H is conver and closed. Suppose
that {xn,} C H and w € H. Let ¢ = Po(u). If {x,} is such that wy(x,) C C and for n € N satisfies the
condition

[2n — ull < [lu—ql.

Then ©, — q.
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Lemma 2.4. [1] Suppose that {a,} and {6,} are nonnegative real sequences, there exists some constants
p,s € [0,400) such that p < 1, for alln > 1, the following expression holds:

ant1 < pay + 8oy,. (3)
If ¥2° 10, < 400, then limy, o0 ayn = 0.
Lemma 2.5. [7] Suppose that {a,} and {6,} are nonnegative real sequences, there exists some constants
p,q, s € [0,+00) such that p+ q < 1, for all n > 1, the following expression holds:
Opt1 < Pap + qap_1 + SOy, (4)
If 320 16, < 400, then limy, o0 an = 0.

In order to be able to successfully complete the theoretical proof of the main result of this paper, we need
a new lemma tool, and it is stated as follows.

Lemma 2.6. Suppose that {a,} and {6,} are nonnegative real sequences, there exists some constants
p,q,7,8 € [0,+00) such that p+ q+r < 1, for all n > 1, the following expression holds:

ant1 < Pan + qan—1 + ran_2 + 50,. (5)
If 320 16, < 400, then limy, o0 an = 0.
Proof. Using (5) for all n = 2,3,4,..., N, we have

a3 < pas + qar + rag + sdo2,
aq < pas + qaz + ray + sd3,

any1 <pay +qan—1+ran_2+ sdy.
Adding all these inequalities in (6), this implies
Z{«LV:QG/n—H < ng:ﬂln + ng:2an—1 + 7’22[:2@71—2 + 325:25nu

which is equivalent to the following expression

Erjy:lan —a; — a2+ an+1 SP(ZnNzﬂn —a1) + Q[ZnNzlaﬂ —an]

+ T[E,]Llan +ap—an-1—an|+ 52711\[:1571,
that is
SN an <pBN_an + 2N a, + 8N a, + 526,
+a1 +ax —anyy1 —pay —qany +rag —ray—1 — ray.
Then we get
(1—p—q—7)2N_1a, < s8N 16, + a1 + as + rag.
Since p+ g+ < 1 and X526, < 400, these show that

S a1 + ag + rag
Vo, < ————— 3N 54— " <40
S T B
Because N is arbitrary, thus the series ¥°2 ;a,, is convergent and lim, . a, = 0. O

Remark 2.7. Let ¢ = 0 in inequality (4), Lemma 2.5 can be transformed into Lemma 2.4. Let » = 0 in
inequality (5), Lemma 2.6 can be transformed into Lemma 2.5. Let ¢ = r = 0, then Lemma 2.6 can be
transformed into Lemma 2.4. In a word, Lemma 2.6 plays an important role on the proof of main results in
this paper.
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3. Main results

In this section, we elaborate on our ideas, establish the main results of this paper. To begin this part,
the following required conditions first are given.

Condition 3.1 Suppose H is a real Hilbert space and the subset C C H is nonempty, closed, convex.
Condition 3.2 The mappings 77 and T are nonexpansive with intersection Fix(Ty) N Fixz(Ts) # (.
Condition 3.3 There exists some real sequences {ax}, {fn}, {7} C (0,1) such that ay, + 5, + n = 1.
Condition 3.4 §;,0; € [£1,&),1 =1,2,& € (—00,0],& € [0,+00),01,602 € (—1,1).

1 — 24603 — 2463

Condition 3.5 67 402 < 1,7, € (0, n ).

Next, we state a remark to explain the Condition 3.4 of the above conditions.

Remark 3.1. We require §;,0; € [£1,82],i = 1,2, which is a rather broad expression. This indicates that
01,01, 02,605 will change along with the change of &1,&>. Next, we present the specific example of Conditions
3.4-3.5. Let & = —2, & = 2, then 61, 61,062,062 € [—2,2], then we choose §; = —%,62 = %7 SO

1-24-0.1-24-0.1
4

Yn € (0, ) = (0,0.13).

The above range indicates that -, is confined within a relatively large and not very narrow area.
Below, we present the main theorem of this paper.

Theorem 3.2. Suppose that the Condition 3.1-Condition 3.5 hold. The sequences {x,} and {z,} generated
by the following manner:

(Set 29, 20, 21, T1, 22,2 € C
Wy, = Ty, + Zle 8i(Tp—it1 — Tn—i)
Yn = 2n + Sorq Oi(2n—it1 — 2n—i)
Zn+1 = An@n + BpTiwn + 1 T2yn (7)
Cr = {px € Cll|zn+1 — px * ||2 < anllzn —p*H2 + Bnllwy, —p*||2 + Yallyn _p*H2}
Qn = {p« € Cl(zy, — ps, m0 — ) > 0}
Tny1 = Po,nq, (o)

Then the sequences {w,} and {z,} defined by (7) converge strongly to Ppiy(1)nriz(1s)(Z0)-

Proof. The proof is divided into six steps.

Step 1. We verify that (Fiz(Th) N Fiz(12)) C C, N Qp, n € N.

Case one: We claim that (Fiz(T1) N Fiz(T3)) C Cy,, n € N. Notice that by Lemma 2.1, we can get C,
is convex. Set p. € Fixz(T1) N Fixz(T>) arbitrarily, based on the definition of z,41 and the nonexpansiveness
of T1 and T3, this shows

2041 — Pall? = llan (T — ps) + Bu(Tiwy — ps) + Yn(Toyn — i) ||

= apllzn — p*H2 + Bal Trwn — p*”2 + Yl Toyn — p*”2 — anBu||Trwn — anQ
— anYn||Toyn — $nH2 — Byl Trwn — TZ?JnHQ

< apllzn — p*H2 + Bnllwn — p*”2 + Ynllyn — p*Hz — anfBpl|Trwn — anQ
= annl| Tt — wnll* = Buyn | Trewn — Tayn|*

< Ofnuwn _p*H2 + 511”71]71 _p*H2 + PYnH?Jn _p*H27
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it can be derived from (8) that p, € C,, then (Fiz(T1) N Fixz(T)) C C), for all n > 0.

Case two: We claim that (Fiz(11) N Fiz(T2)) C Qpn, n € N. Mathematical induction is employed to
prove the relation. Set n = 0, we obtain (Fixz(Ty)N Fixz(T,)) C C = Q. Without loss of generality, suppose
(Fiz(T1) N Fiz(Ts)) C Qp holds, then (Fiz(Th) N Fixz(T2)) C Cp N Qp, with the aid of 41 = Pc,ng, (o)
and the properties of projection, one sees

<p* — Tn+1, L0 — $n+1> <0, Vp« € CpN Qn;
and
(Ps — Tpt1,T0 — Tnt1) < 0, Vps € Fiz(Ty) N Fix(Ty).

Then, it can be derived from the definition of @41 that p, € @Qn4+1 and this implies that (Fiz(T1) N
Fiz(Tz)) C Qn+1. Hence, so we can get (Fix(T1) N Fix(Ty)) C Cp, N Qy, for all n > 0.

Step 2. We state the sequence {z,} is equipped with boundedness. Since Fiz(T1) N Fiz(1) is a
nonempty closed convex subset of C, then there exists unique p, € (Fiz(T1) N Fix(Tz)) such that p, =
Ppiz()nFiz(m) (T0). Making use of the form of @y, this shows x, = Py, (z0). Since (Fiz(T1) N Fixz(Ty)) C
Q., one sees

I — 2ol < llg — ol

for all ¢ € (Fiz(Th) N Fix(12)). Since py € (Fiz(Th) N Fiz(1y)), this shows
[0 = ol < [P« = @oll, (9)

the above (9) shows that the sequence {z,} is a bounded sequence.
Step 3. We mainly prove ||zn4+1 — zn|| = 0 as n — oco. Since x,41 € @y, then from the definition of
Tpo1, this implies that
(T — Tpt1, 0 — Tpn) > 0. (10)

By (10), this shows
| Tns1 — mn||2 = |Tpy1 — 330||2 + |zn — m0||2 — 2(x0 — Tn, To — Tn) — 2(Tn — Tny1,T0 — Tn)
= [|&nt1 — zoll” = [lzn — zol* — 2(xn — Tni1, 20 — Tn)

and that is
2041 = zal|* < [J2ns1 = zol® = |20 — o[, (11)

From (9) and (11), by summing for n = 1,2,3, ... in (11), we can obtain
Snctllznes = zal® < Sl (lenst — zol* = llen — 20l®) = Ips — @ol® — [|lz1 — ol (12)
Since N is arbitrary, using (12), this shows X°°,||zp4+1 — @n|| < 400, in other words, we have
Jim [z g1 — 2] = 0. (13)
Step 4. We show limy, o0 ||z — Zn|| = 0, limy, 00 ||2nt1 — 2n|| = 0. Since x,,41 € C,,, this shows that
2041 = Tt ? < anllzn — zag1* + Ballwn = zar1 | + vallyn — 2| (14)

On the one hand, it can be derived from the definition of w,, that

2
|y, — $n+1H2 = ||z + Z 0i(Tn—ir1 — Tpi) — xn+1||2
=1
2
= Hwn — Tp+1 + Z 5i($n—i+1 - zn—i)”Q (15)

i=1

2
< 2@n — zaall? + Y 467 len—ivr — ail*.
=1
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On the other hand, by the definition of ¥,, this implies

2

I = Znial® = llzn + D 0:(zn—itr = 20i) = Znsa |
=1
2

= ||zn — Tpa1 + Z Qi(znfl#l - ani)Hz (16)
=1

2
<2z — xn+1H2 + 24912”'271—1'-&-1 - Zn—iH2-
i=1
Notice that from (14), by means of Cauchy-Schwarz inequality and AM-GM inequality, we have
2 — Zn71||2 = |l2n — an2 + llzn — Zn71||2 + 2(2n — Tn, Tn — 2p-1)
< 2(Hzn_$n”2+ ||$n_zn—1H2) (17)

< 2|z — mnHQ + 4[|z — xn—lHQ +[[Tn-1— zn—le]

e [2n—1 — Zn—2H2 = |lzn-1 — xn—1||2 + lzn-1 — Zn—2H2 + 2(2p—1 = Tp—1,Tn-1 — Zn—2)
< 2(flzn-1 — xn—IHZ + |zn-1 — zn—2”2) (18)
<2zp-1 - xnflng +4f|lzn-—1 — $n72H2 + ||lzn—2 — an2||2]

and

|Znt1 — Zn||2 = |lzn — Tn + 25 — 13n+1”2
< 2[|zp — an2 + 2|z — an+1H2-

Combining (15), (16), (17), (18) and (19), let K = max{|d1], 2}, we have

(19)

2

||Zn+1 - xn—l—lHQ S OthZEn - xn—l—lHQ + 2ﬂonn - xn—&-l”Q + /Bn : 245@2H$n—1+1 - ajn—iHQ
i=1

2
+ 27920 — 33n+1||2 +Yn - 2491‘2”an@'+1 - ani”Q
i=1
2 2 2
< dyllzn — xa|l” + dynllrn — T ll® + anllTn — 2ol
2

+ 25ﬂ”£n - 5Un+1||2 + Bn - 245i2uxn—i+1 - mn—i”Q
=1

2
e Y407 2n—ip1 — 2z (20)
=1
< Ay |lzn — anQ + 4y lzn — x”‘HHQ + a2 — xn—H”Q

2
+ 2Bnllzn — |+ Bu - Y 467120 —i1 — ol
=1
+ 89%”2% - xn||2 + 169%[”53n - $n—1||2 + lzn-1 — Zn—IHQ]
+ 89%””%—1 - mn—1H2 + 166%[”3371—1 - xn—2H2 + [|2n—2 — Zn—2H2]
< (49 + 867) |20 — wn|* + (1667 + 865) [ 2n—1 — 211> + 1605 202 — 2 o|?
+ (dyn + an +26p) |Tn41 — anZ + (46n6% + 169%)H$n - xn—1||2
+ (48,05 + 1603) || 2n—1 — Tn_2|?,
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which is equivalent to
Hzn—l—l - $n+1||2 < PHZn - an2 + QHZn—l - $n—1||2 + THzn—2 - mn—2||2 + SCnu (21)

where p = sup,,>o{4vn + 807}, g = 16607 + 803, r = 1663, s = max,>0{4yn + an + 2Bn, 43,63 + 1662, 43,05 +
1603}, ¢ = |one1 — znll® + |20 — Tne1|? + | Tne1 — 2n_2||?. It is noted from Condition 3.4 that

P+ q+ 1 =sup{dy, + 867}2 + 1607 + 8605 + 1665 = sup{4y, + 2467 + 2463} < 1,
n>0 n>0

then p+ ¢+ r < 1. By (10), it is easy to know that ¥2° ¢, < +o0o. Thus, by Lemma 2.6 and (16), for
n — oo we can obtain
|z — zp|| — 0. (22)

Step 5. We show lim,,_, |7z, — x| = 0. By (13) and (15), we have
nh_)rrolo lwn — zp41]| = 0. (23)
By (13) and (22), we have

lznt1 — znll < 2041 — Tngrll + [|[Zag1 — Zall + (|20 — 22l

that is

nh_{IOlo [2n+1 — znl| = 0. (24)
By (13) and (22), we have

Tim (a1 — 2] = 0 (25)
From (24) and (25), by (16), it gets

lim |y, — Zn41]| = 0. (26)

n—oo

Using the fact that x,41 € C),, we can extract the inequality from (8) as follows

anﬁnHlen - xn||2 + an7n|’T2yn - an2 + Bn7n|’len - TQynH2

2 2 2 2 (27)
< O‘onn - xn—l—l” + Bn”wn - xn—&—l” + 7n”yn - xn—l—lH - Hzn+1 - xn—s—l” .
Make use of (13), (22), (23) and (26), by (27) one sees

Since ||zn, — wn || < [0 — Tpsal| + [[Tnr1 — wal| and |2, — yull < |20 — Zpg1| + |T041 — Yall, then we can
derive from (13), (23) and (26) that

lim |lz, — wy| =0, lim [z, —yn| = 0. (29)
n—oo n—oo
With the help of (28) and (29), by the nonexpansiveness of T, then for n — oo we can get

HTI«Tn - xn” < HTlxn - len” + Hlen - xn”
< zn — wal| + | Thywn — znl| — 0,

this implies that
lim ||Thz, — z,|| = 0. (30)
n—oo

With the help of (28) and (29), by the nonexpansiveness of T, then for n — oo we can get

|Town — 2|l < | T2zn — Taynll + | Toyn — ol
< zn = yull + 1 T2yn — 20l — 0,



Sheng-Quan Weng, Lett. Nonlinear Anal. Appl. 4 (2026), 168-183 177

this implies that
lim ||Tox, — z,| = 0. (31)
n—oo

Step 6. We show {,} strongly converges to Pz (1, )nFiz()(%0). Since {x,} is a bounded sequence, by
Lemma 2.2 and (30), (31), this shows that

ww(Tn) C (Fiz(T1) N Fiz(Ty)).

This together with (9) by Lemma 2.3 guarantees the strong convergence of {z,} to Priy(1)nFiz(1s)(T0)-
Since the following inequality by (22) holds

|20 = Prig(r)nFizm) (@) | < 20 — zall + |20 — Prizr)nFie(m) (To)]] — 0,

then this implies that the sequence {z,} strongly converges to Ppiy(1,)nFiz(12)(Z0)-
This completes the proof. O

Remark 3.3. Set 6, =0,60, =0,i=1,2, ap, =0, T3 = I in (7), then the algorithm (7) can degrade into
algorithm (1). Set d2 =0, #2 =0, o, =0, Ty = I in (7), then the algorithm (7) can degrade into algorithm
(2). Furthermore, Lemma 2.6 is applied in the inequality (20) of step 4 on this theorem.

Next, we considered some special cases and obtained some results from the combined use of the one-step
inertial method and the two-step inertial method.

Condition 3.6 6;,0;,60; € [£1,&)],61 € (—00,0],& € [0, +00),601,0; € (—1,1),07 + 62 < 1,
1 — 2467 — 2495)
I :

Yn € (0,
If set §2 = 0, then we can have the following Corollary 3.4.

Corollary 3.4. Suppose that the Condition 3.1-Condition 3.3 and Conditin 3.6 hold. The sequences {x,}
and {z,} generated by the following manner:

Set zg, xo, 21, 21,22 € C
Wy, = Tp + 01(Tp — Tp—1)
Yn = Zn + >y 0i(2n—it1 — 2n—i)
Znt+1 = QnZn + BrT1wn + Y Toyn (32)
Cr = {p« € Cl|lzn+1 — pull? < awl|@n — pil|? + Bullwn — pel|* + Yallyn — pil|*}
@n = {p+ € Cl{zn — ps, w0 — xn) = 0}
(Tnt1 = Po,nqg, (T0)-

Then the sequences {wy} and {z,} defined by (32) converge strongly to Ppiy(r)nFiz(1s)(%0)-
Next, we are going to state a condition that will be required subsequently.

Condition 3.7 The parameters d;,60; € [{1,&2],i =1,2,&; € (—00,0],&2 € [0, +00),

1 1 1 — 2462
0 —/ =/ =)sTn it N
lE( 247 24)7’7/ 6(0’ 4 )

If set 65 = 0, then we can have the following Corollary 3.5.
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Corollary 3.5. Suppose that the Condition 3.1-Condition 3.3 and Condition 3.7 hold. The sequences {x,,}
and {z,} generated by the following manner:

(Set zy, o, 21,21, 22 € C

Wn =T + Y0y 6i(Tnis1 — Tni)

Yn = 2n + 01(2n — 2p—1)

Znt1l = Ty + BpTiwn + Y Toyn (33)
Cr = {p« € Cll2n+1 —p*H2 < apll@y, _p*H2 + Bnllwn _p*H2 + Yullyn _p*HQ}

Qn = {p* € C|<$n — Dx, o — =Tn> > 0}

Tnt1 = Po,nq, (2o)-

Then the sequences {xn} and {z,} defined by (33) converge strongly to Ppiyr)nriz(1y)(T0)-
If set Th =T = T, then we can have the following Corollary 3.6.

Corollary 3.6. Suppose that the Condition 3.1-Condition 3.4 and Condition 3.5 hold. The sequences {x,}
and {z,} generated by the following manner:

Set zy, xo, 21,21, 22, x5 € C

Wn =T+ Yry 0i(Tnit1 — Tni)

Yn = Zn + 27,2:1 0i(zn—i+1 — 2n—i)

Znt1 = OnZn + BT wy + T yn (34)
Cr = {p« € Cl|2n+1 —P*H2 < apl|@y, _p*H2 + Bnllwn _p*H2 + Yullyn _p*H2}

Qn = {p« € C|(xn — ps, z0 — 7p) > 0}
(Zn+1 = Pc,n@n. (7o)

Then the sequences {wy} and {z,} defined by (34) converge strongly to Ppiy (o).

Remark 3.7. It is worth noting that the algorithm given in Corollaries 3.4 and 3.5, in its structure, employs
a combination of the Polyak inertial method and the two-step inertial method. Such a situation has not been
presented in many studies. The construction of the algorithm in Corollary 3.6 is also uncommon, and many
researchers have not considered such an approach.

4. Application to Common Split Feasible Problem

The split feasible problem is a classic type of optimization problem, with the core being to find points
that satisfy a specific containment relationship in two different spaces. The split feasibility problem has
important applications in signal processing, machine learning, medical imaging and other fields. Censor and
Elfving [16] introduced split feasible problem (SFP) as follows:

find x* € C such that Az™ € Q, (35)

where A : Hy — Hs is a bounded linear operator, C, ) stand for the nonempty closed convex subset of Hy, Ho
respectively. Throughout the paper, we use I' to denote the solution set of SFP, I" := {z* € C|Az* € Q}.
Note that A* represents the adjoint of A.

In [17], based on split feasible problem (35), commen split feasible problem (CSFP) was introduced as
follows:

find x* € C such that Ajz* € Q and Ayz™ € K, (36)

where A; : Hi — Hs,i = 1,2 are a bounded linear operators, C' and @, K stand for the nonempty closed
convex subset of Hy, Hs respectively. Throughout the paper, we use I' to denote the solution set of CSFP,
I':={z* € C|A1z* € Q and Ayz* € K}.
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Lemma 4.1. [18] The u be a solution of SFP (35) (that is w € T') if and only if u is the fived point of the
operator Po(I —yA*(I — Pg)A), where v > 0.

Lemma 4.2. [18] For every vy € R, the operator Pc(I —~A*(I—Pg)A) is nonexpansive, where 0 < v < HAQI|2'

It can be obtained from the above lemma that the operator Po(I — yA*(I — Pg)A) is nonexpansive,
where 0 < v < W. Then we can get the following theorem.

Theorem 4.3. Let Hy, Hy be two real Hilbert spaces, the subset C' C H1,Q C Hs be nonempty closed and
convex. The linear operators A; : Hy — Ha, i = 1,2 are bounded. Pc is the projection of Hy into C, Py is
the projection of Hy into Q. T := {z* € C|A12* € Q and Asx* € Q} # 0, 0 <y < ﬁw’ =1,2. Suppose
that the Condition 3.3-Condition 3.5 hold. The sequences {xy,} and {z,} generated by the following manner:

(Set 2o, 20, 21, 71, 22,73 € C

Wy = Tp + Z?Zl 8i(Tp—it1 — Tn_i)

Yn = 2n + Sorq 0i(Zn—it1 — 2n—i)

Zn1 = QnTn + BpPo(l — yAT(I — Po)Ar)wn, + v Po(l — yA5(I — Px)A2)yn (37)
Cn = {ps € Clll2nt1 = pul® < anllzn — pull? + Bullwn — pill® + llyn — ps?}

Qn = {p« € Cl(xn — ps, 0 — T5) > 0}
( Tnt1 = Pe,nq, (zo)-

Then the sequences {x,} and {z,} defined by (37) converge strongly to Pp(x).
Next, while a special case Q = K C Hs, we also can get the following conclusion.

Theorem 4.4. Let Hy, Hy be two real Hilbert spaces, the subset C' C H1,Q C Hs be nonempty closed and
convez. The linear operators A; : Hy — Ha, i = 1,2 are bounded. Pc is the projection of Hy into C, Pg is
the projection of Hy into Q. T := {x* € C|A1z* € Q and Ax* € Q} # 0, 0 < v < ﬁ,i =1,2. Suppose
that the Condition 3.3-Condition 3.5 hold. The sequences {xy} and {z,} generated by the following manner:

Set zp, xo, 21,21, 22,3 € C

Wp = Tpn + Z?:l 0i(Tp—it1 — Tn—i)

Yn = Zn + Z?:l 0i(2n—i+1 — 2n—i)

Zn41 = Qpp + /BnPC(I - PYAT(I - PQ)Al)wn + 'YnPC(I - ”YA;(I - PQ)A2)3/n (38)
Cp = {ps € Olll2nt1 = pul® < anllzn —pull? + Bullwn — pull® +mllyn — ps|1?}

Qn = {p« € C|(xn — ps,T0 — T5) > 0}

S PCann(SUO)-

Then the sequences {x,} and {z,} defined by (38) converge strongly to Pp(xo).

5. Numerical experiment

In this section, some numerical tests are used to demonstrate the performance of the proposed algorithms.
All our numercial experiments are implemented in MATLAB R2018b on a 11th Gen Intel(R) Core(TM) i5-
1155G7 @ 2.50GHz computer with RAM 16.0GB (64-bit operating system, x64-based processor).

In 2010, He et al. [3] studied the numerical implementation problem of the hybrid projection algorithm.
Their research results are highly beneficial for scholars to explore the numerical performance of different
hybrid projection algorithms. The Euclidean projection of zo onto a halfspace H,}, = {z : {(a,z) < b} is

given by P,,- x = x — wa. Based on the research results in [3]|, we adopted the comparison method
H,, llall
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to study and compare the numerical performance of algorithms (1), (2) and (7). We provide two numerical
examples to support the main results of this paper. Notice that DongLu2015 denotes the algorithm (1),
WengYu2025 denotes the algorithm (2), WengSQ2025 denotes the algorithm (7) in this part. The settings
of some parameters are as follows:

1), zo = kxrand(2,1), z1 = anzo+ BnTix0 + v Tox0, 21 = anzo+ BnT120+mT2%0,

o Let xg = kxrand(2,
To = anx1 + Buliz1 + WIhx1, 20 = anz1 + Budiz1 + WIz1, 61 = 01 = 0.06, 6o = 6 = 0.08,
» =0.1€(0,0.19), o, = 0.1, B, = 0.8 in algorithm (7) (WengSQ2025);
o Let g = k*rand(2,1), zo = k xrand(2,1), a,, = 0.8 in algorithm (1) (DongLu2015);
o Let xg = kxrand(2,1), zo0 = k * rand(2,1), 21 = apzo + (1 — an)Txo, 21 = anzo + (1 — an)T 20,
91 =01 = 0.06, a;,, = 0.8 in algorithm (2) (WengYu2025);
e Let error termination criterion as E,, = ||z, — zp—1|| < Error, Error = le — 6, maximum number of

iterations as 1000.

Example 5.1. We respectively present two nonexpansive mappings in R?, which have a common fixed point.

Part 1-1: Define T} : R? — R? by
1

Ti(:) = (5

1

21, 522);

Part 1-2: Define T, : R? — R? by

21+ 29 21— 29

2
5 , 5 (21,22) c R-.

TQ(Z):( )72:

For this example, it is easy to verify that Fiz(Ty) N Fiz(Ty) # 0, that is z,. = (0,0) € Fiz(T1) N Fiz(Ty).
The numerical result of this example is reported in Fig.1.
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10° 107
10” |'I ]00 !
]
= [ ﬁl = H
7 " 1 ’-\ q
) B3 |! M \
B ff {z oy '\_/.?w \‘ | " 'ﬁ \
< 102 \ = 1072 .
£ 10 N N & 10 \ I \‘\
I i ‘\ N I Y N
5 \ \ S \ \‘\
4L \ \ -+ \ \
10 N . 10 \ \
\\ \ \ \\
\ \ \
\ \ \ \
106 \ . N . 10 A . L . L
0 50 100 150 200 250 0 50 100 150 200 250 300 350
Number of iterations Number of iterations
Case I
k=10
10 10
10 ¢ 10?
7 ; 7
& 10° 1"' £ 100
| |- | \
§ Al & \
] N S
= NS \, -
Il 102 . Il 102 \ \‘
= \, s v
& RS & \
N \
N, AJERY
104 N, 10 AJEY
RN (O
AY '\
A \ LSS
10-5 AY ]06 Y
0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400
Number of iterations Number of iterations
Case 111 Case IV

Figure 1: The iterative processes of the three algorithms on Example 5.1
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Example 5.2. We respectively present two nonexpansive mappings in R, which have a common fixed point.
Part 1-1: Define 77 : R? — R? by

T\ (2)

Part 1-2: Define Ty : R? — R? by

sin(z1) 22

(1 1,2 12: )
R _ .
3 173 2)3 3)s

21 — 23 sin(z3)

Tr(2) = (

2 73

5 7 2

),z = (21,22,23) € R3.

For this example, it is easy to verify that Fiz(T1) N Fiz(T3) # 0, that is . = (0,0,0) € Fiz(T1) N Fiz(Ty).
The numerical result of this example is reported in Fig.2.

By = ||an — |

104F

By = ||, — |

Remark 5.3.
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Figure 2: The iterative processes of the three algorithms on Example 5.2

1000 1200

e The selection of parameters in the above-mentioned numerical experiments was made

by us based on the parameter conditions. The selection of these parameters is all in line with the

underlying assumptions.

e In order to present the fact that both different mappings have the same fixed point, that is, the common
fixed point, in a convenient and intuitive way, we have made the definitions of the operators relatively

simple, but still effective.

e From the obtained numerical experimental results in Figs.
performance of the hybrid projection algorithm with the double two-step inertial method proposed by

us is relatively more outstanding.

1-2, it can be seen that the numerical

e In the two numerical examples mentioned above, the initial values of the algorithm we provided were
different. However, the selection of the initial values can also have an impact on the iterative efficiency of
the algorithm. What we are presenting here is just a part of the demonstration showing the competitive
advantage of our algorithm.
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e According to the results of our numerical experiments, the two-step inertial method [algorithm (7)]
performs relatively better than the single-step inertial method [algorithm (2)].

6. Conclusions

In this paper, we study the iterative approximation of the solutions to the common fixed point problem
of two nonexpansive mappings. Based on the classical hybrid projection algorithm and the two-step inertial
method, we have constructed a double two-step inertial hybrid projection algorithm. The main research
objective of this paper is to explore the feasibility of iterative approximation of the solution to the common
fixed point problem of two nonexpansive mappings based on a hybrid projection algorithm with two iterative
sequences. The second is to explore the improvement effect of the numerical performance of the algorithm
itself after simultaneously applying the two-step inertial method to two iterative sequences. This paper
theoretically and successfully establishes the strong convergence theorems of the proposed algorithms, these
mean that the iterative approximation of the solution to the common fixed point problem of two nonexpansive
mappings based on the hybrid projection algorithm with two iterative sequences is feasible. Furthermore,
the numerical experiment results presented in this paper show that by simultaneously accelerating the two
iterative sequences using the double two-step inertial method, it plays a positive role in optimizing and
improving the iterative performance of the algorithm. The strong convergence algorithms of the two non-
expanding operators studied in this paper have more extensive applicable scenarios in theory.

7. Future Work

Regarding this research, based on aspects such as space, operators, and algorithm structure, it can be
considered to expand in the following directions.

e First, from the perspective of acceleration methods, we can consider extending the double two-step
inertial method to the double multi-step inertial method. The strong convergence of this method has
been theoretically proven, and then numerical experiments will be conducted to study the optimization
effect of the double multi-step inertial method on the algorithm.

e Secondly, it is worth considering attempting to extend the research results of this paper to uniformly
convex Banach spaces, uniformly smooth Banach spaces, and CAT(0) spaces, etc.

e Thirdly, one can further delve into more extensive public fixed-point problems. For instance, the
algorithm proposed in this paper can be appropriately modified and restructured to solve problems
involving two non-expansive mappings and monotone inclusion, variational inequality problems, etc.,
thereby further extending the results presented in this paper.
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the current study.
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