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Abstract

In this manuscript, the dynamical behavior of an HIV-1 infection model with logistic target cell growth and
two major transmissions will be studied. Functional response and saturation response are nonlinear in the
model. The positivity and boundedness of the solutions will be proven. The reproduction number will be
computed as the sum of reproduction numbers determined by any method of disease transmission. It will
be shown that the infection-free equilibrium is globally asymptotically stable if the reproduction number is
less than one and if it is more than one, then the infection-free equilibrium is unstable. We find that within
certain conditions, positive equilibrium is locally asymptotically stable and the Hopf bifurcation can occur.

Keywords: HIV-1 infection, stability, hopf bifurcation, dynamical systems, ODE.
2010 MSC: 34C23, 34D20

1. Introduction

The Human Immunodeficiency Virus (HIV) seeks to destroy cells in the body, the most important of which
is a type of white blood cells called alpha. The immune system of the body weakens after the virus enters at
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a rate determined by the stage of the disease. By weakening the immune system, it becomes vulnerable to
a variety of infections, and this process eventually leads to Acquired Immune Deficiency Syndrome (AIDS),
which is the last stage of the disease. The virus is located in the body fluids of infected people and can be
transmitted through these fluids ([1]). AIDS is one of the major causes of death, with about one million
people dying from this disease each year. ([5]).

In the acute HIV infection (AHI) stage, activated CD4™ T cells become infected with HIV. HIV-specific
CDS8*' T cells kill most of these infected cells or they are destroyed for cytopathic effects of the virus,
or their immune contraction. After AHI, HIV-infected cells survive and convert to resting memory T cells.
Their survival is guaranteed by homeostatic reproduction without active virus manufacture or antigen-driven
enlargement. HIV-specific CD8T T cells cannot detect and kill resting CD4" T cells because they are silent
and have no viral proteins expression ([15]). The rate of HIV infection progression is determined by the
number of CD4" T cells and this number in healthy people is at level between 800 and 1200 mm =3 ([17]).
It is well discovered that HIV has a lengthy incubation and infectious period (|2]).

Using nonlinear ordinary differential equations (ODEs), various mathematical models have been devel-
oped to explain how the disease has spread among human populations. These models help us to understand,
analysis, control and improve our insights of the disease. The first attempt to explain mathematical model for
HIV infection has been introduced in [10] and [7]. Recentally, he Authores in [4], [6] and [12]| have considered
some HIV models and investigated the stability of the models

Xu in [18] introduced a mathematical model for HIV-1 infection with saturation infection rate. Also,
Considering saturated CTL response and separate transmission incidences, Carvalho and Pinto investigated
an HIV-1 infection model ([3]).

Lai and Zou in [8] investigated the dynamical analysis of HIV by model
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where target cells are susceptible CD4" T cells and T'(t), T*(t) and V (¢) illustrate the target cells, pro-
ductively infected T cells and virus particles at time ¢, respectively. 517(¢t)V (t) and B2T(t)T*(t) represent
the rate at which target cells become infected by viral particles and productively infected cells, respectively.
Infected cells produce viral particles at rate v7™(¢). The death rate of target cells, productively infected
cells and viruses are drT'(t), drrnaT*(t) and dy V (t), respectively. The carrying capacity of target cells, Ths
is a bound for target cells growth rate, ». The constant « represents the limitation of infected cells imposed
on the cell growth of target cells, in general a@ > 1 ([8]). Two response functions, representing two modes of
spread of HIV, has been considered in this model.

Model (1.1) contains a logistic target cell growth and two simple linear response functions. However,
in real world infection rate presumably is not linear. Therefore, it is reasonable for us to assume that the
infection rate of system is given by saturated infection BTV where a is positive constant. In this manuscript

14+aT
the same notations as in [8] are used to consider the model:
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target cells, by free viral particles and infectious cells, respectively. Parameters and variables of system (1.2)
are presented in Table 1. The paper is organized as follows: positivity and boundedness of solutions of system

Table 1: Parameters and Variables.

T concentrations of susceptible CD4™" T cells at time ¢
T* concentrations of susceptible productively infected T cells at time ¢
1% concentrations of susceptible free virus particles at time ¢
r target cell growth rate
limitation of infected cells imposed on the cell growth of target cells,
Ty carrying capacity of target cells
a positive constant or zero
~T™*(t) rate of release of free viral particles by infected cells at time ¢
dp-T*(t) losing rate of productively infected cells
dyV(t) losing rate of free viruses
51,52 positive constants that describe the infection rate from each other population

(1.2) considered in section 2. Local stability of equilibria and the basic reproduction number is described in
section 3. Section 4 deals with persistence of infection of system (1.2). Section 5 is devoted to studying the
dynamical behavior of the positive equilibrium and Hopf bifurcation. The paper ends with a discussion in
section 6.

2. Positivity and boundedness of solutions

In this section the positivity and boundedness of the solutions of system (1.2) with the initial conditions
TO)=Ty>0, T0)=T;>0, V(0)=Vo>0, To+Ty<Tuy (2.1)

will be considered.

It is easy to show that the functions in the right-hand side of (1.2) satisfy the Lipschitz condition. Next,
the fundamental existence-uniqueness theorem in [11] can be used to prove the existence and uniqueness of
solutions of system (1.2) with the initial conditions (2.1).

Theorem 2.1. The solution of system (1.2) with initial conditions (2.1) is positive and bounded.

Proof. Suppose that (T'(t),T*(t), V(t)) be the solution of system (1.2) satisfying the initial conditions (2.1).
We show that

YT

0<T(t)<Ty, 0<T*(t)<Ty, 0<V(t)<V(0)+ y
1%

for all t > 0. Moreover, T'(t) + T*(t) < Ty for all t > 0.

We prove the theorem by contradiction. Let ¢;, ¢ € {1,2,3} as the first time that T'(¢), T*(¢), V(t) vanish,
respectively; and tg = min{ty, ta,t3}.

First, suppose that T'(t1) = 0, T*(t1) > 0, V(t1) > 0, i.e. tog = t1, to # to and ty # t3. Hence, T'(t), T*(t)
and V(t) are positive for all ¢ € [0,¢;). From the two first equations in (2.1) it is easy to see that

%[T(t) +T*(t)] =rT(t)(1 — T(t)—;aT*@)) —dp-T*(t), Vtel0,t]. (2.2)
M
Now, using the method of [8], rescale (2.2) by
u(t) = j;é\?, w(t) = T;]\(;)’ t = dp+t, d;* =4 (2.3)
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From (2.2) and (2.3) for all ¢ € [0,¢1] it can be concluded that

i[u(t) +w(t)] = du()[l — u(t) — aw(t)] — w(t)

dt (2.4)
= Su(t)[1 — (u(t) + w(t))] — 6(a — Dw(t)ult) — w(t).

Now for any t* € [0, t1] satisfying u(t*) + w(t*) = 1 we have

d
%[u(t) + w(t)|t=t- = —0(a — Du(t")w(t*) —w(t*) < —w(t*) < 0.
Therefore, u(t) + w(t) < 1 for all ¢t € [0,¢1]. This means that T'(¢t) + T*(¢) < Ty for all ¢ € [0,%1]. Thus,
T(t) < Ty and T*(t) < Ty for t € [0,¢4].
It follows from the third equation in (1.2) that
av

— < ATy — dy V.
77 =M vV.

Hence,

1Tm e—dvt@ < V(O)e_dvt + ﬂj
dv dv dv

Again it follows from the first equation in (1.2) that for all ¢ € [0, 1],

V(t) < V(0)e Wt 4+ t e 0,t). (2.5)

dL@>_[
e —

BV (1) y IG5 ra

Trar T Txare T, T O 2 BV + (8 + 2T )T ().

Ty
Thus, for all ¢ € [0, 4],

ti

T(t) > T(0)e Jo [51V(3)+(52+%)T*(S)]d8‘ (2.6)
From (2.5) and (2.6) it can be written that,

Jot ~[BLIV (@)™ M4 (By-+ £ )T (s)]ds

T(t1) > T(0)e >0,

this is an obvious contradiction with T'(¢;) = 0.
Now let T%(t2) = 0, T'(t2) > 0, V(t2) > 0, and for t € [0,t2), T(t), T*(¢),V(t) > 0. It follows from (1.2)
that

Thus,

T*(t2) > T*(0)e™" > 0,

this is impossible given T*(t2) = 0.
Now suppose that tyg = t3; and therefore, V(t3) = 0, T(t3) > 0, T*(t3) > 0, and for t € [0,t3),
(

T(t), T*(t),V(t) > 0. It follows from the third equation in (1.2) that
av(t
di ) > —dyV, te [O,tg].

Thus, V(t3) > V(0)e~%% > 0, this is another contradiction with regard to V (t3) = 0.
These two last cases include the cases of to # t1 or to £ t3 or t1 =to £t orto =t3 Fty or tg =ty =13
ort37ét1 Ol“tg;étg Ortgztl#tQ.
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With the obtained contradictions in all cases, it can be concluded that the solution of system (1.2) is
positive for all ¢ > 0.
From (2.2), (2.4), (2.5) and the positivity of the solutions of (1.2) it can be concluded that

T
T(t) + T*(t) < T, V() <V(0)+ %’ vt >0,

and this completes the proof. O
In the next section the basic reproduction number Ry, and trivial, infection-free and positive equilibria

of (1.2) will be identified. The stability of the equilibria will also be considered.

3. Stability of equilibria and the reproduction number

System (1.2) has the trivial equilibrium Ey = (0,0, 0), the infection-free equilibrium E; = (T, 0,0) and
positive equilibrium E = (T,T*, V), where

T - Tut
Ry + (Ro — l)aTM’
T — TTM(l + aTM)(Ro — 1)
(ar + ((Ro — 1)aTas + Ro)dr+)((Ro — 1)aTn + Ro)’
V=1

dy

Let p = Ro + Roaly; — aTyy and rewrite positive equilibrium as following:

T:TiM’ T*:M7 V= L
p (ar + pdr+)p dy

The basic reproduction number Ry for system (1.2) with saturation response function is given by,
Ro = Ro1 + Roz

where
BTy BTy

= , Rpp=-—2M
dydr-(1+ aT) 7 dpe(1+ aTyy)

Epidemiologically, the reproduction number gives the number of secondary infections that an infected person
produces in a population of susceptible individuals ([9]).

In the other word, it denotes the average number of infected T cells derived from one infected T cell. In
the following, the stability of the equilibria will be considered.

R

Theorem 3.1. The trivial equilibrium Ey of (1.2) is always unstable.

Proof. Using the linearized system and Jacobian matrix of (1.2), instability of Ey will be proven. The
Jacobian matrix of (1.2) at Ep is given by

r 0 0
Jo=10 —dpr- 0 |,
0 v —dv
which has a positive eigenvalue A = r. Therefore, Ey is always unstable. O

Theorem 3.2. If Ry < 1, then the infection-free equilibrium Ey of system (1.2) is locally asymptotically
stable. If Ry > 1, then E1 is unstable.
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Proof. Consider the Jacobian matrix of (1.2) at Ej,

BaT. BT
-r —ra-— 1-1-2af1414u B 1-i-la%sz
Ji=10 BTy g% BTy
1+aT]\/j T 1+aTM
0 g —dy
It is clear that it has a negative eigenvalue, A1 = —r < 0. The other eigenvalues of J; are the roots of

characteristic equation of matrix

BoTnv d* B1Tym
JlO — | 1+aTs T 1+aTym
gl —dy

which is given by:

BoTardy BoTardy BTy
A2 4 (dy +dpe — 2222V AN 4 (dydps — _ -
+dv +dr (1+aTM)) + (dvdr 1+ aTy 1+aTM) 0
Let
BoT v dy
a1 = dy +dr (L + alw) v +dp=(1 — Ro2),
BoTydy — BiTuy BoTardy + BiTuy

= dydp+ — — = dydp+ — =dydr«(1 — Rp).
@2 ver 1+aly 1+aly ver 1+aly VT( O)

If Ry < 1, then a1 > 0 and as > 0. Therefore, all eigenvalues have negative real parts. If Ry > 1, then
as < 0 and Jyp has at least one positive eigenvalue and this implies instability of ;. O

Theorem 3.3. The infection-free equilibrium Ey of (1.2) is globally asymptotically stable if Ry < 1.

proof. Consider a linear cooperative system that is given by,

dj:i*t(t) = BV (t) + BT (t) — dp-T* (1),
e . (3.1)
S = (1)~ dy V(1)

Suppose that for K > 0, (T*(t), V(t)) = Ke*'eq be a solution of system (3.1), that Ag is principal eigenvalue
associated with strictly positive eigenvector gg. It is easy to see that

(T(0),V(0)) < (7%(0),V(0)).

In fact, T'(t) < Ty for all ¢ > 0, and

T < () + BT (1) — dp-T7(0),
d‘(;gt) <AT*(t) — dy V(1)

Thus, by the comparison principal, for all £ > 0, it can be concluded that
(T*(t), V(1)) < KeMleg. (3.2)

On the other hand, we see that if Ry < 1, then all eigenvalues have negative real parts. Thus, A\g < 0 and
from (3.2) it can be concluded that

lim T*(t) =0, lim V(t) =0.

t—+o0 t——+o0
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Applying the above results, suggest the equation

ar(t) - T(t)
i =IO 20,
Therefore,
_ rT(t)p
T(t) = — o

GTT(t) + Iy '
Thus, limy_, 0 T(t) = Tp. Tt follows from Corollary 4.3 in [16] that, lim;_, o T(t) = Tps. Therefore,
limy oo (T, 7%, V) = (Ths,0,0) and this completes the proof.
Now we introduce a set and in the next section, it will be shown that this is the invariant set for the
solution semiflow of (1.2). From (2.5) it can be seen that

T T
_ Ty | 0T

V(t) < e WY )
(t) < e ViV v v

Therefore, if V(0) < VdT—VM, then V(t) < % for all £ > 0. Hence, consider the following set.

T
Y o= {(T,T*,V) € R T > 0,T* >0,V > 0,T +T* < Ty, V < 'YdTM :

4. Persistence of infection

In this section the persistence of the infection will be considered. For this purpose, suppose that Ty # 0.
If Ty = 0, then the system cannot be persistence, because the unique solution of (1.2)-(2.1) for ¢ > 0 is given
by,

t
T(t) =0, T(t) = Tge_dT*, V(t) = e~ v Vo +Tg / e(dV_dT*)st].
0

It is clear that T'(t) — 0 and V(¢) — 0, as t — +o0.
Applying Theorem 1.3.2 in [20], the uniformly persistence of the infection can be proven. First, consider
the following two lemmas.

Lemma 4.1. Let ¢y is the solution semiflow defined by (1.2) and suppose that X, Xy, 0Xo and My, is given

by
* 3 * * fyTM
X ={T,T"V)e RIT>0, T">0, V>0, T+T STM,VS—d ,
v
Xo:={(T,T*,V)e X| T*>0 and V >0},
0Xo: =X\ Xo={(T,T",V) e X|T*=0 or V =0}
and
Ma = {(T07T6k7 ‘/0)|¢t(T07TO*a Vb) S aX(];t > 0}
Then,
() $(X) C X and ¢(Xo) C Xo, for all t >0,
(b) My ={(T,0,0)|0 < T < Ty}
Proof. Let (To, T, Vo) € X. The different cases of 7] and Vj will be considered.
(i) £ T§ = 0 and V = 0 then,
TtT T
T(t) CIMNO S0, T(t)=0, V(@) =0. ¥t>0 (4.1)

T Toe't + (Tag — Tp)
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(ii) If 7§ = 0 and Vj > O then,

d TO)V(0 ToVt
—T*(O):Bl OV(©0) _ £iToVo >0
dt 1+ aT(0) 1+aTp
It is clear that if there exists € > 0 that ¢ € (0,¢), then T*(¢t) > 0. By the same way of the proof of

Theorem 2.1, it can be concluded that T'(t) > 0, T*(¢) > 0 and V' (¢) > 0.
(iii) If 7%(0) > 0 and V = 0, then

d
ZV(0) = yT*(0) =T > 0.

Similarly it can be seen that T'(t) > 0, T*(¢) > 0 and V' (¢) > 0.

(iv) If T > 0 and Vj > 0, then it follows from Theorem 2.1 that T'(t) > 0, T*(¢t) > 0 and V(¢) > 0. This
completes the proof of (a).

Now let (Tp, T, Vo) € Mp. From the definition of My, it can be concluded that ¢.(To, T, Vo) € 0Xo.
Hence, only case (i) can happen. That is Tif = 0 and Vj = 0, and this completes the proof of (b). O]

In the following it can be considered persistence of infection of system (1.2) for some 7y > 0.
Lemma 4.2. The infection-free equilibrium E; is isolated invariant set for Ry > 1.

Proof. Ej is an equilibrium of (1.2); and therefore, it is an invariant set. Now it is sufficient to show that
the solution (T'(t),T*(t),V(t)) of (1.2) with initial value (T, Tj, Vo) € X satisfies

limsup [|(T(t), T*(t), V(£)) — (Tar,0,0)]| > no.

t—o00

Suppose that for the solution with initial value (Tp, T, Vo) € X,

limsup [|(T(t), T*(£), V(£)) = (Ta1,0,0)]| < no.

t—o0

Therefore, there exists tg > 0 such that for ¢ > ¢,

T(t) > Ty — 70, T*(t) < 7o, V(t) < 1.

Using this inequality and putting 7 Jfl 1TM = (1 and 1+§72TM = (9, rewrite the second equation in (1.2) as
follows:
AT (1) _ BTOV() | ATOT ()
dt 1+aT(t) 1+aT(t)
> G (T —10)V () + (T —mo)T*(t) — dr-T".

—dp-T*(t) > QTOV () + GT(OT (1) - dp-T

From this inequality and the third equation of (1.2), the system,;

) _ C(Thr = mo)V (t) + Co(Tar — o) T (t) — dp= T,
-
di) =~T*(t) —dyV(t)

can be introduced.

On the other hand, it can be seen that all elements of Jig are non-negative except for those on the main
diagonal. Therefore, it is a quasi-positive matrix. Using the notation in [13], let A\g(Ths) = max{Re(A)|\ €
o(Jip)} as principal eigenvalue of Jip where o(Jyg) is the set of eigenvalues of matrix Jyg.

Suppose that Ao(Ths — 1) and (e1, e2)? are the principal eigenvalue and the associated strictly positive
eigenvector of (1.2). The solution of (4.2) is given by
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(T*’ ‘_/)T _ 6)\0(TMf770)t(61’ 62)T.

Since T*(to) and V (to) are positive, there is a € > 0 such that (T*(tg), V(o))" > &(T*(to), V(to))". There-
fore,

(T*(t), V()T > ceroTu=mt (e e Vit > t. (4.3)
If Ry > 1, then \o(Ths — mo) > 0 for some 1y > 0. Therefore, T*(¢) and V(t) are unbounded and this
contradiction completes the proof. O

From [14] we know that the no-cycle condition is a fundamental assumption in the theory of persistence.
Remember that if M chains to M, then this chain is called a cycle and if M = (Ts,0,0), then there is no
cycle in My from M to M. We know from [20] that a function g : X — X is uniformly persistent with
respect to (X, 0Xp) if there exists € > 0 such that liminf, , d(¢"(x),0Xo) > €.

Theorem 4.3. For system (1.2) the infection is uniformly persistent with respect to (Xo,0Xg), when Ry > 1.

Proof. First, define a continuous function p : X — R, by
p(z) = min{7Ty, W}, Vo= (To,T5, W)€ X.

It is easy to see that p is a generalized distance function for the semiflow ¢; : X — X (see [8]). It follows from
Lemma 4.1 that Xy is positively invariant for the solution semiflow ¢; defined by (1.2). We know that ¢, is
compact and point dissipative; that is, if there is a bounded set B in X, then B attracts each point (compact
set) in X. Theorem 1.1.3. in [20] says that if f : X — X is compact and point dissipative, then there is a
connected global attractor A that attracts each bounded set in X. Hence, there is a global attractor A for ¢;.
On the other hand, Lemma 4.1 implies that My is an invariant set in 0.Xy which is maximal and compact.
Let M = (Ty,0,0). Since the equilibria are invariant sets, M is a nonempty invariant set, and from Lemma
4.2, M is an isolated invariant set in X. Next, if W*(M) := {x € X : limy_,oc d(¢¢(x), M) = 0} be the stable
set of M, then from the definition of Xy and Lemma 4.2, it can be concluded that W*(M) N Xy = 0.

On the other hand, the omega limit set is defined by w(z) = Ni>0 Us>t ¢s(x) and it is clear that no subset
of M forms a cycle in My. Therefore, from (4.1) it can be concluded that Uzenr,w(z) = {M}.

Now by Theorem 1.3.2 in [20] it is easy to see that there exists an n > 0 such that

min p(z) >n, Vye Xo.
zew(y)

Therefore,
liminf T*(¢t) > n, liminf V(t) > 7.

t—o00 t—o00

This completes the proof. O

5. Positive equilibrium and Hopf bifurcation

In this section, dynamical behavior and stability of the positive equilibrium E will be considered. The
Jacobian matrix of (1.2) at E = (T, T*,V) is given by,

Ty —2rT—arT*  B1V+B2T* _orT BT AT

_ T ~ _ (1+aT)? Ty 1+aT 1+aT
J = B1V+B2T™ B _ g . BiT_
(1+aT)? 1+aT T 1+aT

0 o —dy
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Now, rescale J by,

_ BoT _ _PTu
1+al p+aly’
_ BV A+ BT r(Ro — 1)pdr~ rp(p — 1)dp-

(14aT)?  Ro(ar +pdr+)  (p+aTM)(ar + pdps)’
Ty —2rT —arT*  rp—2r B ar?(p—1)

z =

Tr p p(ar + pdr+)’
o ST BiTu
1+al p+aly’
. arT  ar
z = = —.
Ty p
Therefore,
z—y —Z -z -z
J = Y T — dp+ z
0 Y —dv

The corresponding characteristic equation is

M+ a1A? + ag) + a3 =0, (5.1)
where
ap =dps +dy +y — 1 — 2,
ag = dydp+ — xdy + ydp+ + ydy — zdy — zdp + xz — :c/’y + yz/,
as = yz/dv + ydydr+ — zdydp- + :clfyz + zzdy,
aray — a3 = d¥dpe + dyda. + 2ydydrs + y2dy + y2dr + yd>. + yd>
+ szT* + z2dv + 2xzdy + 2xzdr + xyz + 3:,796 + yz/dT*
+ yQZ, + 22dy — 2zdydp- — l‘d%/ — 2zydy — xydps — 2zydy

2y —x2? — 2d%. — zd%/ — xlydv — x/fydT* — x/fyy — :Uyz/ — zyz/.

— 2zydp+ — 2zdydps —
By Routh-Hurwitz criterion, a necessary and sufficient condition that all roots of (5.1) have negative real
parts is, a1 > 0, as > 0, ag > 0 and ajas > as.
If y =2+ z, then

rpdr«(p — 1) ar?(p—1) _ BopTas +r(p — 2)(p + aThy)
(p+ aTn)(ar + pdr<)  plar + pdr-) p(p+ aThy) '
Therefore,
rp*dr-(p— 1) + ar?(p — 1)(p + aTar) = (ar + pdr+ ) (BopTar + r(p — 2)(p + aThy)). (5.2)

Since the left hand side of (5.2) is positive, p > 2 or SapTasr > r(p — 2)(p + aTps). The first one is
a sufficient condition for the right-hand side to be positive. Therefore, it is necessary but not sufficient
condition for y = = + z.

Theorem 5.1. Suppose that
(i) Ry > 1,
(i) y=x + z.
Then, E = (T,T*,V) is locally asymptotically stable.
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Proof. If Ry > 1, then p = Ry + RoaThs — aTyy > 0; asaresult z > 0,y > 0, 2 > 0and 2z > 0. On the
other hand, it 15 easy to see that dp+ > x and dp+dy > z ~. In fact, from Ry = Rgy1 + Ry2, it will be observed
that Ry = ROI 'Y + 3 RO’“” Hence, from the result above and y = x + z, it can be concluded that,

ap > 0, a2>0 a3>0, and ajas > ag,
and this completes the proof.

We see that if Ry > 1 and y = = + 2, then E is locally asymptotically stable. Let

p* - (/Bik7/8>2k7d;"*7 Vafy 7TM7a a* T )
and rewrite a;(p*)az(p*) — as(p*) as F(p*)G(p*), where

F(p*) =

p?(p+ aTn)*(ar + pdr+)?
and
G(p*) =p*(p + aTwr)*(ar + pdr- ) dydp- (dv + dr-)
+1p*(p — 1)dyvdi- (rp(p — 1) + 2(ar + pdr+)(p + aTir))
+ p*(or + pdr+ ) (B2Tar)*dy + r?p*(p — 1)*d7 (ar + p)
+ 2p(ar + pdr+)(p + aTar ) (B2Tar ) ((rp — 2r) (o + pdp+) — ar?(p — 1)) (dy + dp+)
+ (p + aTar)*((rp — 2r)*(ar + pdr+)? — @®r (p — 1)%)(dv + dr+)
+ rp(p — 1)p*(p + aTar) (o + pdp+)dp= (d3 + d3)
+p(B2Tar) (rp(p — 1)dr=)((rp — 2r)(ar + pdr-) — ar?(p — 1))
+ (ar + pdr)*p* (B182T) + p(p + aTar) (ar + pdr-)r?pa(p — 1)di
— (p+ aTay) (o + pdp+)*p? BoTardy (2dp+ + dy)
— (ar + pdp= ) p* BoTarrp(p — 1)dy (2dy + dp-)
—2(p+ aly)rp?(p — V)dr-((rp — 2r)(ar + pdp-) — ar?(p — 1)) (dy + dr+)
— (p+ aTu)*(ar + pdr-)p((rp — 2r)(ar + pdr+) — ar’(p — 1))(dv + dr-)?
— (ar + pdr)p(B2Tar)*((rp — 2r)(ar + pdr=) — ar®(p — 1))
— (p+aTu) (B2Tu)((rp — 2r)*(ar + pdr+)* — o*rt(p — 1)%)
— (p+ aTwr)(ar + pdr+)*p* B1 Tury(dy + dp)
— (ar + pdp<)pBiTayrp(p — 1)dp — (ar + pdp=)p*BoTarar?(p — 1)dp-
— (p + aTa)p((rp — 2r)(ar + pdp+) — ar®(p — 1))ar®(p — 1)dp-.
Suppose that there is a p* > 0 such that G(p*) = 0. Hence, a1(p*)az(p*) — asz(p*) = 0. It can be
concluded from Theorem 2 in [19] that, there is Hopf bifurcation at E and roots of characteristic equation

(5.1) are A} = —a1(p*) and A3 3 = +iv/az(p*). We choose one parameter as bifurcation parameter and fixed
other parameters from p*. Then, consider the Hopf bifurcation at E. For example let 55 is a bifurcation

parameter and G(p*) is a function of 5; If 1Ty = (1 + 1+ F —|— aTy)dp+dy and let 62 = 0, then
G(B3) = G(0) > 0. On the other hand, limg: _, G(B3) = —o0. Hence, G(B2") = 0 has at least one positive
root. Therefore, if there is a critical 85 > 0 with above conditions, then a Hopf bifurcation occurs at E

while 85 changes near B; Again by choosing 3] as bifurcation parameter, different Hopf bifurcation will be
observed. O

6. Conclusion and discussion

In this paper, based on a previously published paper by Lai and Zou ([8]), we have described and analyzed
an HIV-1 dynamics model with two infection rates that are concerned with the cell-to-cell transfer, cell-free
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virus spread and saturation response of the infection rate. The existence, positivity and boundedness of
solutions of the system (1.2) with initial conditions (2.1) have been proven. The reproduction number
has been computed as the sum of basic reproduction numbers determined by cell-to-cell and cell-free virus
transmission. It has been shown that the trivial equilibrium of the system is always unstable and the
infection-free equilibrium is locally and globally asymptotically stable if Ry < 1 and it is unstable if Ry > 1.
For the case Ry > 1, a solution space is defined to investigate the uniformly persistence of the system.
Establishing some conditions, we could show that if Ry > 1, then the positive equilibrium is stable and Hopf
bifurcations occur.

References

[1] M.D. Aldila., Mathematical model for HIV spreads control program with ART treatment, J. Phys.: Conf. Ser., 974
012035 (2018) 1-14.

[2] O.O. Apenteng, N.A. Ismail, Modelling the Impact of Migration on HIV Persistency in Ghana, Statistics, Optimization
& Information Computing, 7, (2019) 55-65.

[3] A.R.M. Carvalho, C.M.A. Pinto, Immune response in HIV epidemics for distinct transmission rates and for saturated
CTL response, Mathematical Modelling of Natural Phenomena, 307(14), (2019) 117-131.

[4] T. K. Gharahasanlou, V. Roomi and Z. Hemmatzadeh, Global stability analysis of viral infection model with logistic growth
rate, general incidence function and cellular immunity, Mathematics and Computers in Simulation, 194, (2022) 64-79.

[5] J. Greenwood, P. Kircher, C. Santos, , M. Tertilt, An Equilibrium Model of the African HIV /AIDS Epidemic, Econometrica,
87, (2019) 1081-1113.

[6] Z. Hemmatzadeh, V. Roomi and T. K. Gharahasanlou, Stability, Hopf Bifurcation and Numerical Simulation of an HIV
Model with Two Modes of Transmission and with Cellular and Humoral Immunity, International Journal of Bifurcation
and Chaos, 33(14), (2023) 19 pages.

[7] M.A. Nowak, C.R.M. Bangham, Population Dynamics of Immune Responses to Persistent Viruses, Science, 272(5258),
(1996) 74-79.

[8] X. Lai, X. Zou, Modeling cell-to-cell spread of HIV-1 with logistic target cell growth, Journal of Mathematical Analysis
and Applications, 426, (2015) 563-584.

[9] M. Martcheva, An Introduction to Mathematical Epidemiology, Springer, Texts in Applied Mathematics 61, Florida, 2015.

[10] A.S. Perelson, P.W. Nelson, Mathematical Analysis of HIV-I: Dynamics in Vivo, Society for Industrial and Applied
Mathematics, 41, (1999) 3-44.

[11] L. Perko, Differential equation and Dynamical Systems, 3rd Edition, Springer, Texts in Applied Mathematics, Volume 7,
Arizona, 2006.

[12] V. Roomi, T. K. Gharahasanlou and Z. Hemmatzadeh, Stability Analysis, Hopf Bifurcation and Drug Therapy Control
of an HIV Viral Infection Model with Logistic Growth Rate and Cell-to-Cell and Cell-Free Transmissions, International
Journal of Bifurcation and Chaos, 32(10), (2022) 15 pages.

[13] H.L. Smith, Monotone Dynamical Systems, American Mathematical Society, Providence, RI, 61, (1995) 203-209.

[14] H.L. Smith, X.Q. Zhao, Robust persistence for semidynamical systems, Nonlinear Anal., 47, (2001) 6169-6179.

[15] H. Takata, C. Kessing, A. Sy, N. Lima, J. Sciumbata, L. Mori, R.B. Jones, N. Chomont, N.L. Michael, S. Valente, L.
Trautmann, Modeling HIV-1 Latency Using Primary CD4"T Cells from Virally Suppressed HIV-1-Infected Individuals
on Antiretroviral Therapy, Journal of Virology, 93, (2019) 303-313.

[16] H.R. Thieme, Convergence results and a Poincaré—Bendixson trichotomy for asymptotically autonomous differential equa-
tions, J. Math. Biol., 30, (1992) 755-763.

[17] L. Wang, M.Y. Li, Mathematical analysis of the global dynamics of a model for HIV infection of C D4 T cells, Mathematical
Biosciences, 200, (2006) 44-57.

[18] R. Xu, Global stability of an HIV-1 infection model with saturation infection and intracellular delay, Journal of Mathe-
matical Analysis and Applications, 375, (2011) 75-81.

[19] P. Yu, Closed-form conditions of bifurcation points for general differential equations, Internat. J. Bifur. Chaos Appl. Sci.
Engrg., 15(4), (2005) 1467-1483.

[20] X.Q. Zhao, Dynamical Systems in Population Biology, Springer-Verlag, New York, 2003.



	Introduction
	Positivity and boundedness of solutions
	Stability of equilibria and the reproduction number 
	 Persistence of infection
	 Positive equilibrium and Hopf bifurcation
	 Conclusion and discussion

