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Abstract

In the present paper we prove the existence of spin functions for 3-body problem of classical electrodynamics.
It is a direct continuation of a previous paper in which we proved the existence and uniqueness of a periodic
solution to the same problem in 3D Kepler form. To prove the existence of periodic spin functions we use
fixed point method for operator equations.

Keywords: spin functions, classical electrodynamics, three-body problem, periodic solutions, fixed point
method
2010 MSC: 7T8A35, 34K40, 47H10

1. Introduction

In [1, 2, 3] we have derived equations of motion for 3 charged particles in an internal for the particles
frame of reference and proved the existence of periodic solutions. As a consequence, we have obtained
periodic solutions for spin equations. The considerations are in a frame of reference internal for the moving
particles. The spin equations are closely related to the equations of motion because the coefficients of the
spin equations contain known already functions from the equations of motion for 3-body problem. In [4] we
have considered 3-body problem in the 3D-Kepler formulation and proved the existence of periodic solution.
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The main purpose of the present paper is to prove the existence of solutions for the spin equations for
3D-Kepler 3-body problem of classical electrodynamics using the results from [4].

The paper consists of five sections. In Section 2 we recall basic results for 3-body problem equations
of motion with radiation terms and their relations to spin equations from [3, 4]. In Section 3 we obtain
equations of motion in spherical coordinates and estimate the right-hand sides of the spin equations. In
Section 4 we estimates of the right-hand sides of the spin equations. Section 5 contains the main result,
namely, an existence of the spin functions. In Conclusion we point out that spin equations may have solutions
with opposite signs.

2. Three-Body Problem Equations of Motion with Radiation Terms and Spin Equations in
the Minkowski space

The general system describing the motion of three mass charged particles with radiation terms and spins
in the frame of classical electrodynamics has been derived in [1]:
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The Roman subscribes run over 1,2, 3,4, while the Greek — over 1,2,3 with Einstein summation con-
vention. By (.,.), we denote the dot product in the Minkowski space, while by(.,.) the dot product in
3-dimensional Euclidean subspace.

The quantities relating to the particles are:

(a1 0.8 0),27 (1), 2 = iet) = (3, ict)

space-time coordinates of the moving particles Py(k = 1,2,3);c- the vacuum speed of light; mg-proper
masses; e- charges (k = 1,2,3). The elements of the electromagnetic tensors
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can be calculated by the Lienard-Wiechert retarded potentials
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(cf. [5, 6, 7, 8]), where
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are isotropic vectors and
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are unit tangent vectors to the world lines, where
A = e = (@0 (1), 70 (1)); A = /e = (@0 = 710), Tt = 750
Since €* ) are isotropic 4-vectors, i.e.
(gtm, gtm) — 0,
the retarded functions 73, () can be defined as solutions of the functional equations
3
Tkn(t) - - f 76 - = Z To (t) — Tq (t - Tkn(t)]
C C
a=1
where (kn) = (12), (13), (21), (23), (31), (32).
In [4] it is proved an existence-uniqueness of periodic solution of (1) under assumption
(C) = /(@0 (1), @9 (1)) < & < e(k = 1,2,3).
The system (1) in spherical coordinates becomes (cf. [4])
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t
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0

t t
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In [4] we have proved the existence-uniqueness of T-periodic solution of (3).

We consider these functions p, = ry, Yn = én, )\n = 1, as known ones. Then we must solve the spin
equations (2) using spherical coordinates.

Recall some denotations from [3]:
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We have proved in [4] that the last three equations in (2) are consequence of the first three ones in a
weak sense so that we consider just the first three equations for every particle (k = 1,2, 3):
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We transform the last equations in the form:
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which consists of 9 equations for 9 unknown spin functions
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The coefficient before unknown functions are functions of velocities and trajectories of the moving par-
ticles. We have proved however an existence-uniqueness of a periodic solution of (3). Therefore, we can
substitute these solutions into coefficient of (7,8,9) or (10). So, we obtain a system with known coefficient.
It remains to prove an existence of periodic solution of (10).
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3. Equations of Motion in Spherical Coordinates

To formulate th3D-Kepler form of the equations we need spherical coordinates:
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Let us write the system of spin equations in detail:
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4. Estimates of the Right-Hand Sides of the Spin Equations

We estimate the right-hand sides of the above system (11) considering the presentation of the above
expressions in spherical coordinates and the inequalities
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Let us note that the functions with retarded arguments are substituted by the initial functions (cf. [4])
and p;(t) = 0. We need the formulas
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Recall the inequalities from [4]:
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For the right-hand sides we obtain:
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5. Existence Theorem for Spin Equations

Introduce the set of spin continuous functions
SP={o(.) € C[0,T]:|o(t)] < SoNc(0)=0(T):te[0,T]}

with a metric p(o,5) = sup{|o(t) — a(t)| : t € [0,T]}.
We consider SP with a metric and define the Cartesian product:

(SP)? = SP x SP x SP x SP x SP x SP x SP x SP x SP.

The problem of an existence of T-periodic solution of (11) is equivalent to the existence
T-periodic solution of the integral equations (cf. [9]):

t
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(k=1,2,3;a=1,2,3), where HS“) (t,01,09,03) is T-periodic with respect to the first variable.
Now we define an operator with 9 components

B= <B§1),B§”,B§”,B{2>,B§2),B§Z),B§3),B§3),B§3)) . (SP)° — (SP)°

by the right-hand sides of (11)

«

t
B (o19,09,0() (1) == 0B (1) + / HP (5,017,000 ) ds,t € 0,7], (b =1,2,3;a = 1,2,3).
0

In what follows we prove an existence theorem for T-periodic solution of the spin equations.
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Theorem 5.1. Let the following conditions be fulfilled:

uT

et —1
lpko — prol — (Ri + Ry) = App > 0;

4letes| (2 2eetTw et —1
O 12 [ 2 3<1;
WM+ a5 (a2t a AR S
= T puT, 202 pT 1
@ e2en| (8 8eew | 2eMw BT e 3 < 1.
aa()+m202 ATt . V3 <1,
leser| [ 8 8etTwe  2erTw?p2] erT — 1 )
cO(T)| + e | 2 + = + . . V3 <1, where A = min Ay, > 0.

Then the system (11) has a continuous T-periodic solution.

Proof. We use the Arzela-Ascoli theorem and the Schauder fixed point theorem. It is easy to see that if the
system has a solution belonging to (SP)?, then integrating (11) we obtain

t
o (t) = ol (0) + / HP (5,007,087, 0 ) ds,t € [0,7) & o)1)
0

t
= o®(T) +/ H® (3 UYC),O'& ),05(3 )) (s)ds
0

and vice versa if the operator B has a fixed point belonging to (SP)? then after differentiating one obtains
(k)
that the system dao;lt ® Hék) (t,a%k) oé ), (k )) has a solution belonging (SP)*.
It is not difficulty to check that B maps (SP)? into itself:

t
/ H&l) (s,ail),aél),aél)) ds
0
vT _ 1
w) ‘ . V/3Sy < Sp;

t
/ H(g?) (s,a?),aém,ag)) ds
0

cerT 2erT 262\ et — 1
@) ‘ leaer] 8 8eeMw < g
o P(T)| + At A T ; . V35 < Sp;

¢
/ H§f’> (s,agg),aég),aég’)) ds
0

leser| [ 8 8etTwe n 2erT 232
A? A c

uT _
:| ¢ p 1\/550§So.

Further on we have:

B0 (o0, o) (@) - B (o, o0, o) 1)
/Ot Htg}) (s,agl),aél),aélg ds — /OtHél) (s,&% ) aél),ﬁé )> ds

t /,LT
S/ ‘H&l) (s,ogl),agl),ag))‘ds < 8leres] <A2 e > \fSo
t

<

1|t 7
myc?

B (o202, o2 (1 - B (a§2>,a;2>,a§2>) o= [ |5 (,p,gg o) s

ese 8 8celTw  2erT 2
‘ 2 1| (A2 + )fSO

<
mac? A c3

~1
[t —tf;
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B9 (o702, 082 ) B9 (010,09 00| < [ 19 (5.0 052, 7
T

leser| /8  8eetTw  2erTw?e? et —1 _
< — 3S5g——— |t — t|.
~ moc? A2+ A + c3 V3So 1 | |
Therefore, applying the Arzela-Ascoli theorem and the Schauder fixed point theorem we conclude that
operator B has a fixed point which is a periodic solution of (11).
The main theorem is thus proved. O

6. Conclusion

As in the previous papers we stick to the Corben’s formalism (cf. [10, 11]) and note some previous papers
devoted to the classical spin theory [12, 13, 14, 15, 16]. For the concrete case we recall the inequalities

et —1
A = |pro — pno| — (Ri + Ry) i >0

and
et — 1
Pn0 — RnT > 0; (7’L = 273)

It is easy to verify that if (al(k), O'Q(k), Ug(k)) is a solution of the above system then (—0'1 (k), —O'Q(k), —Jg(k))
is a solution, too. Consequently, one can conclude that two particles with opposite spin are possible config-
uration but not compulsory ones.
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