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Abstract

This study aims to demonstrate coupled fixed point theorems for contractive type conditions with control
functions in partially ordered partial metric spaces. Furthermore, some consequences of the established
conclusions and illustrative instances to back up the findings are discussed. An application to the Volterra
type integral equation is also shown, followed by an illustration.
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1. Introduction

The Banach contraction mapping principle is the most famous and widely known fixed point theorem. It
has been expanded and improved by other mathematicians. A partial metric space is a more generalized
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version of metric space. Matthews [17, 18] proposed the concept of partial metric space, which does not need
each object to have a zero distance from itself. Partial metric spaces are generally acknowledged as crucial
in creating models in computation theory (e.g., [10], [15]). Later, Matthews demonstrated the partial metric
version of the Banach fixed point theorem [4]. Following this finding, many researchers have performed
additional studies on fixed point theorems and their topological features in the same class of spaces (see e.g.
([2, 3, 11, 13, 14, 16, 20)).

Bhashkar and Lakshmikantham [5] proved a few coupled fixed point theorems on ordered metric spaces in
2006 and provided an application in determining whether a periodic boundary value problem has a unique
solution or not (see, also [9]). Later, Lakshmikantham [7] and Ciri¢ looked into a few more coupled fixed
point theorems in partially ordered sets. In addition, a large number of scholars have found coupled fixed
point solutions for mappings under different contractive conditions within the context of generalized metric
spaces and metric spaces. In [1], Abdeljawad et al. considered a new Meir-Keeler type coupled fixed point
results os ordered partial metric space. Later, Bilgili et al. [6] remarked that many coupled fixed point result
could be derived from fixed point results as well. Using more general contraction condition, Karapinar et
al. [12] discussed the similar type of results. In [22], Roldan et al. discussed multidimensional fixed point
results in ordered partial metric spaces under (1), p)-contractive condition. More detail on fixed point results
in generalized metric spaces are discuused in the book [14].

In the context of partial metric spaces, Saluja [23] recently proved a few linked fixed point theorems for con-
tractive conditions involving rational terms. Furthermore, he provided some implications and applications
of the established results (see, also [19]).

In this paper, we prove coupled fixed point theorems for contractive type conditions with control functions
in partially ordered partial metric spaces. Furthermore, we provide some concrete cases to support the
established findings. An application of the Volterra integral equation is also provided. Our findings expand
and generalize several previously published results from the literature.

2. Preliminaries

In this section, we give some basic definitions and lemmas which are useful for main results in this paper.

Definition 2.1. ([5]) Let (U, <) be a partially ordered set. The mapping F': U x U — U is said to have
the mixed monotone property if F'(x,y) is monotone non-decreasing in x and is monotone non-increasing in
y, that is, for any =,y € U,

z1, 22 €U, 21 <x9 = F(21,y) < F(x2,y),

and
y,y2 €U, y1 <y = F(x,y1) > F(x,y2).

Definition 2.2. ([5, 7]) An element (x,y) € U x U is said to be a coupled fixed point of the mapping
F:UxU—=Uif F(z,y) =2 and F(y,x) =y.

Example 2.3. ([2]) Let U = [0,+00) and F: U x U — U be defined by F(z,y) = “¥ for all 2,y € U.
Then one can easily see that F' has a unique coupled fixed point (0, 0).

Example 2.4. ([2]) Let U = [0,+00) and F: UxU — U be defined by F(z,y) = £ for all 2,y € U. Then
we see that F' has two coupled fixed point (0,0) and (1,1), that is, the coupled fixed point is not unique.

Definition 2.5. ([18]) Let U # 0 be a set. A partial metric on U is a function p: U x U — [0, +00) such
that for all x,y,t € U the followings are satisfied:

(PM1) z =y < p(z,z) = p(z,y) = p(y,y),

(PM?2) p(z,x) < p(z,y),

(PM?)) p(.’E, y) = p(yv .’13),

(PM4) p(z,y) < p(x,t) + p(t,y) — p(t,1).

Then p is called a partial metric on U and the pair (U, p) is called a partial metric space (in short PMS).
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Remark 2.6. ([2]) It is clear that if p(z,y) = 0, then from (PM1), (PM2), and (PM3), x = y. But if
x =y, p(z,y) may not be 0.

If p is a partial metric on U, then the function p*: U x U — [0, +00) given by

p*(z,y) = 2p(z,y) — p(z,2) — p(y,v), (1)
is a metric on U.

Example 2.7. ([3]) Let U = RT, where R = [0, +00) and p: U x U — R* be given by p(x,y) = max{z,y}
for all x,y € U. Then (U, p) is a partial metric space.

Example 2.8. ([3]) Let I denote the set of all intervals [a1, b1] for any real numbers a1 < by. Let p: I xI —
[0,00) be a function such that

p([al, b1], [ag, bg]) = max{bl, bg} — min{al, CLQ}.
Then (I,p) is a partial metric space.

Example 2.9. ([8]) Let U =R and p: U x U — R be given by p(z,y) = ™=} for all z,y € U. Then
(U, p) is a partial metric space.

Each partial metric p on U generates a T topology 7, on U with the family of open p-balls {B,(z,r) :
xz € U,r > 0} where By(z,r) = {y € U : p(z,y) < p(x,z) +r} for all z € U and r > 0. Similarly, closed
p-ball is defined as B[z, r] = {y € U : p(x,y) < p(z,z) +r} for all x € U and r > 0.

Definition 2.10. ([17]) Let (U,p) be a partial metric space. Then:

(A1) a sequence {y,} converges to a point y € U if and only if limy, oo (Y, yn) = p(y, y).

(A2) a sequence {y,} in U is called a Cauchy sequence if and only if lim,,; ;00
P(Ym, yn) exists (and finite).

(A3) A partial metric space (U, p) is said to be complete if every Cauchy sequence {y,} in U converges,
with respect to 7,, to a point y € U, such that, limy, n—o00 P(Ym, Un) = P(¥,Y)-

(A4) A mapping H: U — U is said to be continuous at yg € U if for every € > 0, there exists 6 > 0 such
that H (By(yo,0)) C By(H (yo),€).

Definition 2.11. ([17]) A partial metric space (U, p) is said to be complete if every Cauchy sequence {u,,}
in U converges to a point u € U with respect to 7,. Furthermore,
i p(tm, tn) = Hm p(un, u) = p(u, v).

Definition 2.12. ([21]) (Control function) Let ® be the set of all functions ¢: [0, +00) — [0, +00) with the
properties

(®1) ¢ is continuous and non-decreasing,

(P2) ¢(t) < t for each t > 0.

Obviously, if ¢ € ®, then ¢(0) =0 and ¢(t) < ¢ for all t > 0.

Lemma 2.13. (/2, 17, 18]) Let (U,p) be a partial metric space. Then
(B1) a sequence {u,} in (U,p) is a Cauchy sequence < {u,} is a Cauchy sequence in the metric space

(U, p%),
(B2) (U,p) is complete < the metric space (U, p®) is complete. Moreover,

lim p°(up,u) =0 < p(u,u) = lim p(up,u) = lHm  p(uy, upy).
n—oo n—oo n,’m—)oo
Lemma 2.14. ([13]) Let (U,p) be a partial metric space. Then
(C]') foay € U; p(I,y) =0, then = Y,
(C2) if x £y, then p(z,y) > 0.
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One of the characterization of continuity of mappings in partial metric spaces was given by Samet et al.
[24] as follows.

Lemma 2.15. (see [24]) Let (U,p) be a partial metric space. The function F': U — U is continuous if given
a sequence {up tnen and uw € U such that p(u,u) = limy, oo p(u, uy), then p(Fu, Fu) = limy, oo p(Fu, Fuy,).

Example 2.16. (see [24]) Let U = RT, where R* = [0, +00) endowed with the partial metric p: UxU — RT
defined p(x,y) = max{x,y} for all z,y € U. Let F': U — U be a non-decreasing function. If F'is continuous
with respect to the standard metric d(z,y) = |z — y| for all z,y € U, F is continuous with respect to the
partial metric p.

3. Main Results

The first result is the following:

Theorem 3.1. Let (U,p, <) be a partially ordered complete partial metric space. Suppose that the mapping
F: U xU — U satisfies the following conditions:

(1)
p(F(m, y)? F(U’v U)) < w(AF('x7 Y, u, U)) - QO(AF(CU, Y, u, U))? (2)
for all x,y,u,v € U, where ¥, € ® and
Ap(e,y.uw) = max {pa,u),p(y.v). pl, F(,y)).ply, Fly.2)) |,

(2) either F is continuous or
(3) U has the following properties
(1) if a non-decreasing sequence {x,} in U converges to some point x € U, then z, < x for all n,
(73) if a non-increasing sequence {y,} in U converges to some point y € U, then y <y, for all n.
If there exist two elements xo,yo € U with xy < F(x0,y0) and yo > F(yo, o), then F has a coupled fized
point in U.

Proof. Let zo,yo € U be such that xy < F(x,yo) and yo > F(yo,xo). Let x1 = F(z0,yo) and y1 = F(yo, x0).
Then zyp < x; and yo > y1. Again, let zo = F(x1,y1) and y2 = F(y;,x1). Since F has the mixed monotone
property on U, then we have 21 < x9 and y1 > ya2. Repeating this process, we construct two sequences {z,, }
and {y,} in U such that x,11 = F(xp,yn) and yp11 = F(yn,x,) for all n > 0 and

oS ST ST STpp1 S ooy Yo YL Y22 2 Yn 2 Yngl 2 - (3)
Now, using equation (2) for (z,vy) = (¥n,yn) and (u,v) = (Tp41,Yn+1), we have

p(ﬂfn+1, fEn—&-Z) = p(F(SUn: yn)a F(ﬂjn—i-la yn+1)>
S w(AF('T?h Yns Tn+1, yn+1)) - SO(AF(*TTL) Yny Tn+1, yn-l—l))a (4)

where
AF(Tn, Yn, Tntl, Ynt1) = Max {p(ifn, Tpt1)s D(Yns> Ynt1), P(Tns F (20, yn))s
P(Yn F(yn,wn))}
= max {p(n, @01), P Y1), (0, T,
P(ys Y1) }

= max {P(xn, !Tn—&-l)vp(yna yn—i-l)}-
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Putting this value in equation (4), we get
p(l’n+1, xn+2) < ( max {p(l‘n, $n+1)7p(yna yn+1) })
— p(max {p(zn, Tnt1), P(Yns Yn+1) })- (5)
Similarly, we have
p(yn—i-la yn+2) < w( max {p(xm wn-‘rl)ap(ym yn—i—l) })
_SO(maX {p(xmxn—i—l)ap(ymyn-i-l)})- (6)
From equations (5) and (6), we have
max {p(xn-i-h xn+2)7p(yn+17 yn+2)} < w( max {p(xm xn-l—l)a p(yn7 yn-i-l)})
— o(max {p(@n, Tn41); P(Yn, Ynt1) }), (7)
which implies
max {p(Tni1, Tnt2), P(Yn+1, Ynt2) } < ¥ (max {p(@n, Tns1), P(Yn, Yns1) })
< max {p(xnuxn+l))p(ynuyn+l)}a (8)

by the property of 1. This means that {un = max {p(wn, ZTnt1), P(Yn, yn+1)}} is a decreasing sequence of
positive real numbers. So, there exists an L > 0 such that

lim u, = nh%n;o max {p(xn,xn+1),p(yn,yn+1)} =1L (9)

n—oo

We shall show that L = 0. Suppose, on the contrary that, L > 0. Taking the limit as n — oo and using the
properties of 1, ¢ in equation (7), we obtain

L < hﬁ\m 1/1(%) - hHm (,O(Un) = w(L) - QO(L)
<¢(L) < L,
which is a contradiction. Thus L = 0. Hence,

lim p(meUn-i-l) =0 and 11_>H1 p(ymyn-i-l) =0. (10)

n—oo

Now, we show that {z,} and {y,} are Cauchy sequences. Suppose, to the contrary, that at least one of {x,,}
or {yn} is not a Cauchy sequence, then there exists an ¢ > 0 for which we can find subsequences {z,)},

1Ty} of {zn} and {yn@) by {Ymw)} of {yn} with n(k) > m(k) > k such that

max {p(Zn k) Tm(k) )s PWn(k)s Ym(k)) } > € (11)

Furthermore, corresponding to m(k), we can choose n(k) in such a way that it is the smallest integer with
n(k) > m(k) > k and satisfies equation (11). Then

max {p(Lp(k)—1 Tm(k))> PUn(k)—1> Ym(k)) } < € (12)

Using the triangle inequality and equation (12), we have

P(@nk)s Tr(k)) < P(Tn(k)s Tngi)—1) + P(Tnk) =15 Tm(k))
— P(Tp(k)—1> Tn(k)—1)

Tk Tr(k)—1) + P(Tr(k)—1> Tm(k))

Ty (k)s Tn(k)—1) T & (13)
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and

PWn(k)s Ym(k)) <

From equations (11), (13) and (14), we have
e < max {p(Tn(k), Tom(k))> PWn (k) Ym(k)) }
< max {p(L)> Tr(k)—1)s PYn(k) Yn(k)—1) } + €-

Letting k — oo in equation (15) and using equation (10), we get
Jim max {P(@n()> Ton(k) ) PWn(i)» Ymir)) § = €
By the triangle inequality, we have

P(@mk)s Tnk)) < P(Tmk)s Tngk)—1) + P(Tn(k) =15 Tn(k))
- p(ﬂﬂn(k)—h xn(k)—l)
< P(Trn(k)s Tn(k)—1) + P(Tn(k)—15 Tn(k) )

and

PUm(k)s Yn(k)) < PUm(k)> Yn(k)—1) + P(Yn(k)—15 Yn(k))
= P(WUn(k) =1 Yn(k)—1)
< PUm(k)s Yn(k)—1) + PUn(k) =15 Yn(k))-

From equations (11), (17) and (18), we have

e < max {p(Lm k) o)) LWm(k)s Yn(k)) }
< max {p(Ty(k)> Tr(k)—1)> PUm(k)> Yn(k)—1) }
+ max {p(Zy (k)= 15 Tn(k))> P(Yn(k)—1> Yn(k)) } -

Again by the triangle inequality, we have
p(mm(k% xn(k)—l) < p(mm(kz% xn(/@)) + p(xn(k) ) ‘/En(k)—l)

— P(Tn(k), Tr(k))
< P(Tm(k)s Tugk)) + P(Tn(k), Tn(k)—1)

and
P(Ym(k)> Un(k)—1) < PUm(k)> Yn(k)) + PWUn() Yn(k)—1)

= P(Yn(k)> Yn(k))
< PYUm(k)s Yn(k)) T PYn(k)s Yn(k)—1)5

Therefor,
max {p(Lom (k) Zn(k)—1)» P Ym(k)» Yn(k)-1) }

(18)

(19)

(20)

(21)
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< max {p(xm(k:)a xn(k))a p(ym(k:)7 yn(k))}
+ max {p(xn(k% xn(k)—l)ap(yn(k) ) yn(k)—l)}
< max {p(Zp(k)> Tn(k)—1)> PUn(k)s Yn(k)—1) } + €

From equations (19)-(22), we have

& — max {p(Tn (), Tn(k)—1) PWn(k)> Yn(k)—1) }

< max {p(Tm k), Tn(k)—1)s PWm(k)> Yn(k)—1) }
< max {p(Zy(k)> Tn(k)—1)> PUn(k)s Yn(k)—1) } + €

Taking the limit as &k — oo in equation (23) and using equation (10), we get
Jim max {P@ ) Tre)=1)> PWim(k)> Yn(iy—1) } = €.
Since Tpyk) < Tn(k)—1 a0 Y(k) = Yn(k)—1, SO from equation (2), we have

P(@mk)+1> Tnk)) = P (Tmk)s Ym(k))s F(Tnik)—15 Yn(k)—1)
¢(AF ($m(k)a Ym(k)s Tn(k)—1> yn(k)—l))
— (AP (@), YUm(k)> Tr(k)—1> Yn(k)—1))

IN

where
AF(Z(k)s Ym(k)s Tn(k)—1> Yn(k)—1)

= max {p(ﬁm(kp Tr(k)—1)s PYm(k)> Yn(k)—1)

= max {P(ﬂcm(k), Tr(k)—1)s PYm(k)> Yn(k)—1)5
p(xm(k)a wm(k)—l—l)a p(ym(k)a ym(k)-l—l) }

Taking the limit as k£ — oo in the above and using equations (10) and (24), we get

0 AF (@ k) Ym(k)s Tn(h) 15 Yn(h) 1) = max{e, £,0,0} =e.

From equations (25) and (26), we obtain
P (k)15 Tn)) < () — @(e).
Similarly, we have
PUmk)+15 Un(k)) < ¥(€) — p(e).
From equations (27) and (28), we obtain
max { (L)1 Tnk))> PUmk)+1> Un(k)) } < U (€) — @(e).
Using equation (24) in equation (29), we obtain

e <P(e) —ple) <9le) <e,

(22)

(25)

(27)

(28)

(29)

(30)
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by the property of ¥, which is a contradiction. Hence, we conclude that

lim  p(zn,2y,) =0 and lim  p(Yn, ym) = 0. (31)
n,m—00

n,Mm—00

Due to equation (1), we have

ps(fnyxm) < 2p(93n, xm) and ps(yn, ym) < 2p(yna ym) (32)
Letting n, m — oo in equation (32) and using equation (31), we obtain

lim p°(zp,2m) =0 and  lim p*(yn,¥Ym) =0. (33)

n,Mm—00 n,m—00

Then {x,} and {y,} are Cauchy sequences in the metric space (U, p®). Since (U,p) is complete, it is also
the case for (U, p®). Then, there exist f,g € U such that

lim p*(zn, f) =0 and lim p*(yn,g) = 0. (34)
n—oo

n—oo

On the other hand we have

P (@n, f) = 2p(xn, ) — p(Tn, T0) — p(f, )

Letting n — oo in the above equation and using equations (31) and (34), we obtain

lin plan, f) = 50 1) (3)

n—oQ

Again we have p(f, f) < p(f,z,) for all n € N. On letting n — oo, we get that

p(f, f) < lm p(f, ). (36)
n—oo
Using equation (35) in (36), we get that
By similar fashion, one can show that
lim p(g,yn) = p(g,9) = 0. (38)
Thus, we have
Jim p(f,zn) =p(f,f) =0 and  lim p(g,yn) = p(g,9) =0 (39)

Now, we prove that f = F(f,g) and g = F(g, f). We shall distinguish the following cases.
Since (U, p) is a complete partial metric space, then there exist f,g € U such that lim,, . x, = f and

limy, 00 Yn = 9.
Case I: We now show that if the assumption (2) holds, then (f, g) is a coupled fixed point of F.
As, we have

f=lm zp41 = lim F(x,,y,) = F(lim z,, lim y,) = F(f,9),
and

g = lim y,y1 = lim F(yn,z,) = F(lim y,, lim z,) = F(g, f).
n—00 n—00 0

n—oo n—

Thus, (f,g) is a coupled fixed point of F.
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Case II: Suppose now that the conditions (3)(z) and (3)(éi) of the theorem hold.
Since =, — f and y, — g as n — oo, then we have

p(F(f,9), ) < p(F(f,9), Tnt1) + p(Znt1, f) — P(Tnt1, Tnt1)
< p(F(f7 g)a x’n-i—l) + p(ajn—‘rla f)
= p(F(f7 g)a F($n7 yn) + p(‘rn-}—la f)
S w(AF(fv g, Tn, yn)) - ()O(AF(fﬂ g, Tn, yn)) +p<wn+17 f)? (40)
where
Ap(f, 9, ®n, yn) = max {p(f,zn), (9, yn) p(f, F(f,9)), (9, F(g. f))}
= max {p(f, zn), p(g: yn), 2(f, ), (9, 9) }- (41)
Letting n — oo in equation (41) and using equation (39), we obtain
Letting n — oo in equation (40) and using equation (39) and property of 1, ¢, we obtain
p(F(f.9),f)=0. (43)
This implies that F'(f,g) = f. Similarly, one can show that F'(g, f) = g. This completes the proof. O]

If we take ¢(t) =t and ¢(t) = (1 — k)t for all ¢ > 0 where k € (0,1) in Theorem 3.1, then we have the
following result.

Corollary 3.2. Let (U,p, <) be a partially ordered complete partial metric space. Suppose that the mapping
F: U x U — U satisfies the following conditions:

(1)
p(F(LL’,y),F(U,’U)) < k max {p(:n,u),p(y,v),p(x,F($,y)),p(y,F(y,x))}, (44)

for all x,y,u,v € U, where k € (0,1) is a constant,

(2) either F is continuous or

(3) U has the following properties

(i) if a non-decreasing sequence {x,} in U converges to some point x € U, then x, < x for all n,

(73) if a non-increasing sequence {y,} in U converges to some point y € U, then y <y, for all n.

If there exist two elements xo,yo € U with xg < F(xg,y0) and yo > F(yo, o), then F has a coupled fized
point in U.

Proof. As in the proof of Theorem 3.1, suppose that xzg,yo € U be such that o < F(xo,y0) and yg >
F(yo,x0). Let 21 = F(xo,y0) and y1 = F(yo,20). Then z¢p < x1 and yo > y1. Again, let zo = F(z1,91)
and yo = F(y1,x1). Since F' has the mixed monotone property on U, then we have x1 < x9 and y; > yo.
Repeating this process, we construct two sequences {z,,} and {y,} in U such that x,, 11 = F(z,,y,) and
Yn+1 = F(yn, zp) for all n > 0 and

o<1 S < STy STpp1 <oy Yo YL Y2 2 Yn 2 Yngl =
Now, using equation (44) for (z,y) = (xn-1,Yn—1) and (u,v) = (xy, yn), we have
P(@n, Tny1) = p(F(@n-1,Yn—1), F(2n, yn))
< k max {p(fcnfl»wn)vp(ynmyn),p(ﬂfnfl, F(zn-1,Yn-1)), P(Yn-1, F(ynflaxnfl))}
= k max {p(wn—l,wn),p(yn—l,yn),p(fcn—h Tn), P(Yn—1, yn)}

= k max {p(mn_l,xn)jp(yn_l,yn)}. (45)
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Likewise, one can show that

P(Yn, Yn+1) :p(F(yn—laxn—l)’F(ymwn))
< k max {p(asnfl, Tn ), P(Yn-1, yn)}- (46)

Now, we have the following cases:
Case (1): If max {p(;vn,l, Zn)s P(Yn—1, yn)} = p(xp—1,Ty), then from equation (45), we obtain

P(Tn, Znt1) < kp(Tn—1,7n). (47)

Case (2): If max {p(wn_l, Zn), P(Yn—1, yn)} = p(Yn—1,Yn), then from equation (46), we obtain

PWns Ynt1) < ED(Yn—1,Yn)- (48)

Case (3): If max {p(:pn,l, Zn ) P(Yn—1, yn)} = p(Yn—1,Yn), then from equation (45), we obtain

p(xmxn—kl) < kp(yn—hyn)‘ (49)

Case (4): If max {p(aﬁn_l, Zn), P(Yn—1, yn)} = p(Tp—1,Ty), then from equation (46), we obtain

PWn Yn+1) < Ep(Tn—1,2n). (50)
Adding equations (47) and (48) or (49) and (50), we obtain
P(@n, Tnt1) + P(Yns Yn1) < K [P(Zn-1,2n) + P(Yn-1,Yn)]- (51)
Let Ry, = p(n, Tnt1) + P(Yn, Ynt1), then from equation (51), we obtain
R < kRyo1. (52)
Continuing in the same manner, we obtain
Ro <kRpy 1 <k’R, o<kR, 3<---<k"Ry. (53)

If Ry = 0, then p(zo,x1) + P(y0,y1) = 0. Hence p(zo,z1) = 0 and p(yo,y1) = 0. Therefore by Lemma 2.14
(C1), we get g = z1 = F(x0,y0) and yo = y1 = F(yo0,zo). This means that (xg,yo) is a coupled fixed point
F. Now, assume that Ry > 0. For each n > m, where n,m € N, by using the condition (PM4), we have

P(Tn, Tm) < p(Tn, Tn—1) + p(Tn—1,Tn-2) + - + D(Tm+1,Tm)

—p(xp—1,Tn-1) — P(Tn—2,Tn—2) — - — D(Tm+1, Tm+1)
< p(éUn, -rnfl) + p(xn—la -ran) +---+ p($m+1, xm) (54)
Similarly, one can obtain
PYn, Um) < P(Yns Yn—1) + P(Yn—1,Yn—2) + == + P(Ym+1, Ym)- (55)

Thus,
Rpm = P(fUmxm) +p(yn7ym) <Rp-1+Rp—2+-+Rnm
<R HETE 4 E™R

< (777 )R (56)
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By definition of metric p®, we have p*(x,y) < 2p(x,y), therefore for any n > m

Ps(ﬂfn, ij) + ps (yn7 ym) < 2[p($na Jf'm) + P(ym ym)] =2Rum

< (Z)r (57)

= \1_% 05

which implies that {x, } and {y,} are Cauchy sequences in (U, p®) since k < 1. Since the partial metric space

(U, p) is complete, by Lemma 2.13 (B2), the metric space (U, p®) is also complete, so there exist Ly, Ly € U
such that

nli_{rgops(xn, L) = nli_{rolops(yn, Ly) =0. (58)
From Lemma 2.13 (B2), we obtain
p(L1,L1) = lim p(x,, L1) = lim p(z,,z,), (59)
n—oo n—oo
and
p(L2, L2) = lim p(yn, L2) = lim p(yn,yn). (60)

But, from condition (PM2) and equation (53), we have
p(xn,xn) S p(xnvxn-i-l) S Rn S knRO? (61)
and since k < 1, hence letting n — oo, we get lim, oo p(zp, z,) = 0. It follows that
p(L1, L) = lim p(x,, L1) = lim p(zp,x,) = 0. (62)
n—oo n—oo
Similarly, we obtain
p(L2, L2) = lim p(yn, L2) = lim p(yn,yn) = 0. (63)
n—oo n—oo

Now, we show that L1 = F(Lq, Lo) and Lo = F(L9, L1). We shall distinguish the following cases.
Case (i): We now show that if the assumption (2) holds, then (L, Lo) is a coupled fixed point of F.
As, we have

Ly = lim zy41 = lim F(x,,y,) = F( lim x,, lim y,) = F(L, Ls),
n—o0 n—00 n—o00 n—00

and

Ly = le Yn+1 = lim F(yn,z,) = F( lim y,, lim z,) = F(Le, L;).

n—o0 n—oo n—o0

Thus, (L1, L2) is a coupled fixed point of F'.
Case (ii): Suppose now that the conditions (3)(7) and (3)(ii) of the theorem hold.
Since z, — L1 and ¥y, — Lo as n — oo, then we have

p(F(L1,L2),L1) < p(F (L1, L), Tnt1) + p(Tnt1, L1) — p(Tnt1, Tni1)
< p(F(Ll’ LQ)a anrl) +p(93n+1, Ll)
:p(F(Ll’LQ)aF(:Enayn) +p($n+1,L1)

< k max {p(Llaxn)7p(L27yn)7p(L17F(LhLZ))ap(L27F(L27L1))}
+ p(Tnt1, L1)
= masx {p(L1,2n), p(L2,yn), (L1, L1), p(L2, L) | + P(@nst, D). (64)

Letting n — oo in equation (64) and using equations (62) and (63), we obtain

p(F(L1,L2),L1) <0 = p(F(L1,Ls),L1) = 0.
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Hence by Lemma 2.14 (C1), we get F(Li,Lo) = Ly. Similarly, one can show that F'(Lg, L) = Lo. This
completes the proof. O

Corollary 3.3. Let (U,p, <) be a partially ordered complete partial metric space. Suppose that the mapping
F: U x U — U satisfies the following conditions:

(1)
p(F(z,y), F(u,v)) < a1 p(z,u) + azp(y,v) + azp(z, F(z,y)) + asp(y, F(y, v)), (65)

for all x,y,u,v € U, where a1, a2, as,as are nonnegative reals such that ay + as + az + a4 < 1,

(2) either F is continuous or

(3) U has the following properties

(1) if a non-decreasing sequence {x,} in U converges to some point x € U, then z, < x for all n,

(79) if a non-increasing sequence {y,} in U converges to some point y € U, then y <y, for all n.

If there exist two elements xo,yo € U with xy < F(xo,y0) and yo > F(yo, o), then F has a coupled fixed
point in U.

Proof. Follows from Corollary 3.2, by noting that

ai p(.’IJ,U) + agp(y,v) + agp(x, F(xa y)) + a4p<y7 F(ya x))

< (a1 + a2 +az + a4) max {p(ﬂ% u), p(y,v), p(x, F(z,y)), ply, F(y, ﬂf))}

= k max {p(m,u),p(y, v),plx, F(z,y)),p(y, Fy, x))},

where k = a1 +ag +asz +ayq < 1. O

Remark 3.4. Corollary 3.2 and Corollary 3.3 extend and generalize Theorem 2.1 of [2] from complete
partial metric spaces to partially ordered complete partial metric spaces.

If we take a1 = k,a9 = [ and a3z = a4 = 0 where k,l € (0,1) in Corollary 3.3, then we have the following
result.

Corollary 3.5. Let (U,p, <) be a partially ordered complete partial metric space. Suppose that the mapping

F: U x U — U satisfies the following conditions:

(1)
p(F(z,y), F(u,v)) < kp(z,u) +1p(y,v), (66)

for all x,y,u,v € U, where k,l are nonnegative reals such that k+1 <1,

(2) either F is continuous or

(3) U has the following properties

(1) if a non-decreasing sequence {x,} in U converges to some point x € U, then x, < x for all n,

(ii) if a non-increasing sequence {y,} in U converges to some point y € U, then y < y, for all n.

If there exist two elements xg,yo € U with xg < F(xo,yo) and yo > F(yo, o), then F has a coupled fized
point in U.

Remark 3.6. Corollary 3.5 also generalizes Theorem 2.1 of [2] from complete partial metric spaces to
partially ordered complete partial metric spaces.

If we take a; = as = k and az = a4 = 0 where k € (0,1) in Corollary 3.3, then we have the following
result.



G.S. Saluja and H. K. Nashine, Lett. Nonlinear Anal. Appl. 3 (2025), 65-84 77

Corollary 3.7. Let (U,p, <) be a partially ordered complete partial metric space. Suppose that the mapping
F: U XxU — U satisfies the following conditions:

(1)
k

p(F(2,y), Fu, ) < 5 [p(z,u) + p(y, v)], (67)

for all x,y,u,v € U, where k € (0,1) is a constant,

(2) either F is continuous or

(3) U has the following properties

(1) if a non-decreasing sequence {x,} in U converges to some point x € U, then x, < x for all n,

(ii) if a non-increasing sequence {y,} in U converges to some point y € U, then y <y, for all n.

If there exist two elements xg,yo € U with xg < F(xzo,yo) and yo > F(yo, o), then F has a coupled fized
point in U.

Remark 3.8. Corollary 3.7 extends and generalizes Theorem 2.1 and Theorem 2.2 of [5] from partially
ordered complete metric spaces to partially ordered complete partial metric spaces.

Remark 3.9. Corollary 3.7 also generalizes Corollary 2.2 of [2] from complete partial metric spaces to
partially ordered complete partial metric spaces.

Now, we consider some additional conditions to ensure the uniqueness of a coupled fixed point in the
setting of partially ordered complete partial metric spaces. Moreover, we study appropriate conditions to
ensure that for a coupled fixed point (x,y) we have z = y.

Notice that if (U, <) is a partially ordered set, we endow the product space U x U with the partial order
relation given by

(u,v) < (z,y) < z>u and y<w.

We say that two pairs (f,g) and (u,v) are comparable, that is, every pair of elements has either a lower
bound or an upper bound.

Theorem 3.10. In addition to the hypotheses of Theorem 3.1, suppose that, for every (a,b),(c,d) € U x U,
there exists a pair (u,v) € U x U such that (u,v) is comparable to (a,b) and (¢,d). Then F' has a unique
coupled fixed point. Moreover p(a,a) = 0.

Proof. Suppose that (z,y) and (z,t) are coupled fixed points of F, that is, x = F(z,y), y = F(y,x),
z=F(z,t) and t = F(t, z).

Let (u,v) be an element of U x U comparable to both (z,y) and (z,t). Suppose that (x,y) > (u,v) (the
proof is similar in other cases). We consider the following two cases.

Casel. If (z,y) and (z,t) are comparable, then we have

p(x,z) = p(F(z,y),F(z1))
dJ(AF(m,y,Z,t)) - @(AF(SE,y, z,t)>,

IN

where
Ap(,y,z,t) = max {p(,2),p(y,8),plw, Flw,9),p(0, Fly, )}

= max p(:c,z),p(y,t)vp(w,x),p(y,y)}

{
= max {p(:ﬂ,z),p(y,t)}'
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Using in the above inequality and using the property of 1, ¢, we obtain
p(e2) < o max{p(,2).p(5.0)})
*@(max {p(w, z),p(y, t)})
< o(max{p(z.2).p(3,0)})
< max {p(z, ), p(y,) }-
Similarly, we have
py.t) = p(F(y,2), F(t,2))
< w(AF(y,w,w)) - w(AF(y,w,t,Z)),
where
{p(y.0).p(.2). p(y, F(y.2),p(x, Fla,)) |
= max {p(fvv 2),p(y, 1), p(y,y), p(z, :c)}
{p(,2).p.0)}.
Using in the above inequality and using the property of 1, , we obtain
p(y,t) < ¢(max {p(w, z),p(y, t)})
—w(max {p(w, z),p(yi)})
< w(maX{p(wvz)m(w)})

< max {p($7z)7p(y7t)}‘
It follows that
max {p(w, z),p(y, t)} < max {p(l’, z), p(y, t)},

Ap(y,x,t,z) = max

= max

which is a contradiction. Hence, max {p(x, z), p(y, t)} =0, that is, p(z, z) = 0 and p(y,t) = 0 and so = = z,

y = t. This shows the uniqueness of coupled fixed point.

Case II. Suppose now that (x,y) and (z,t) are not comparable, then there exists an element (u,v) € U x

U is comparable to both (z,y) and (z,t). Now, since by iteration F"(z,y) = =, F"(y,

F"(t,z) =t, F"(u,v) = u and F"(v,u) = v, we have

(G = (o) ()
< (i) @;;a )
(o) (e )

< v(Br@yuv)) - o(Ar(zy,u,0))

+¢<AF(y,xvu) (AF y,xvu)
+¢<AFuvzt) (Apuvzt>
+¢<AFvutZ> (Apvutz)

x) =1y, F'"(z,t) = z,
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where
p(w,u), ply,v), ple, F(z,9)),p(y, Py, )}

p(:r,u),p(y,v),p(w,w),p(y,y)} = 0.

Ap(x,y,u,v) = max

= Imnax

{
{

Arp(y,z,v,u) =0, Ap(u,v,z,t) =0 and Ap(v,u,t, z) =0.

Similarly,

Using this in the above inequality and the property of ¥, ¢, we obtain

/() (2) =0

Thus, z = z and y = t. Hence, the coupled fixed point of F' is unique. This completes the proof. O

Theorem 3.11. In addition to the hypotheses of Theorem 3.1, suppose that xg, yo in U are comparable,
then the coupled fized point (z,y) € U x U satisfies x = y. Moreover p(a,a) = 0.

Proof. Recall that xg € U is such that g < F(zg,0). Now, if g < yp, we claim that for all n € N, x,, < y,,.
Indeed, by the mixed monotone property of F,

z1 = F(20,90) < F(yo, o) = y1.

Assume that z,, <y, for some n. Now, consider
Tt = F""Nzo,y0) = F(F"(z0,90), F"(yo. 70))
= F(mn,yn) < F(ynaxn) = YUn+1-

Hence, z,, <y, for all n. Taking the limit as n — oo, we get

z= lim z, < lim y, =y.
n— o0 n—oo

From the contractive condition (2), we get
plz,y) = p(F(:c,y),F(y,x))
< ¢(AF(957 Y, Y, 1’)) - SO(AF(x7 Y, Y, JZ’)),
where

Ap(z,y,y,x) = max {p(x,y),p(y,w),p(%F(x,y)),p(y,F(y,w))}

= max{p(e,y), p(.y). p(x, 2),ply, 1) | = 0.

Using this in the above inequality and using the property of ¥, ¢, we get p(z,y) = 0 and so x = y.
Similarly, if ¢ > yo, then it is possible to show x,, > y, for all n and that p(x,y) = 0. This completes
the proof. m

Remark 3.12. Theorem 3.10 and Theorem 3.11 extend and generalize Theorem 2.4 and Theorem 2.6 of
[5] from partially ordered complete metric spaces to partially ordered complete partial metric spaces.

Example 3.13. Let U = [0,1]. Then (U, <) is a partially ordered set with a natural ordering of real
numbers. Let p: U x U — [0,1] be defined by p(z,y) = |z — y| for all x,y € U. Consider the mapping
F:U x U — [0,1] defined by

e S T
P M —_— y7
3’ y7

for all ,y € U. Then
(1) (U,p) is a complete partial metric space since (U, p®) is complete;



G.S. Saluja and H. K. Nashine, Lett. Nonlinear Anal. Appl. 3 (2025), 65-84

80

2) F has the mixed monotone property;

4) 0 < F(0,1) and 1 > F(1,0);
5) there exist two control function ¢ and ¢ such that

(2)
(3) F is continuous;
(4)
(5)

p(F(m,y),F(u,v)) < w<AF(az,y, u,v)) — @(Ap(ac,y,u,v)>,

for all z,y,u,v € U with £ < w and y > v. Thus, by Theorem 3.1, F' has a coupled fixed point. Moreover,
(3, 3) is the unique coupled fixed point of F.

Proof. The proofs of (1) —

(4) are obvious.

For any z < w and y > v, we have

p(z,u) =u—=z, ply,v)=y—o.

The proof of (5) is divided into the following cases.
Case 1. If u < wv. In this case, z < u < v <y, and so

Hence, we get

p(F(z,y), F(u,v))

Case 2. If © > v. In this

Hence, we get

p(F(x,y), F(u,v))

IN

<

<

Case 3. If x > y. In this

Hence, we get

p(F(z,y), F(u,v))

IN - IN

IN

F(m,y):u, F(u,v)zu-
3 3
(a:Q—yQ—Fl u2—v2+1>
p 3 ) 3
Lo 9 1 2
g(u —v? -2t 492 < gmax{u —a?,y? —v?}
1 1
§ ax{u—ﬂc y—v} =3 max{p T,u), p(yvv)}
1
3 max {p(z, w), p(y, v), p(w, F(z,9)), p(y, Fy, 2)) }.
case, r < u <y, and so
2 _ .2 1 1
F(w,y):%, F(u,v):§.
a? —y*+1 1 Lo 9
1 1
3(y2—x2+u2—v2)§§max{u —x2,y2—v2}
1 1
g ax{u—x,y — v} = § max {p(x,u),p(yw)}
1
gmax{pa:u) p(y,v), p(x F(way))7p(yaF(y7x))}
case, u < v <y, and so
2 2
— 1
F(.ﬂ?,y) — 57 F(u7v) — %
1 w?—0v?2+1 1
(g%) = ~(u2 - v?)

3
(W2 =0+ —a?) <

max{u—:n,y—v} =

Wl wWl—kwl~ 3
SIS

E
Q
3
—~
!
8
e

), p(y,v),p(z, F(z,y)), p(y, F(y, x))}.
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Thus, in all the above cases, the condition (5) is satisfied for the control functions ¢ (t) = ¢t and ¢(t) = %t
for all £ > 0. Since U = [0, 1] is a totally ordered set, by Theorem 3.11, (%, 1) is the unique coupled fixed

373
point of F.

O
4. An application to the Volterra type integral equations
The following system of Volterra type integral equations:
T
o) = 0+ [ M) [F(5.2(9) + (s, u(s)ds,
T
1) = 1)+ [ A (5.9(9) + (s, 2(s)ds, (68)
where the space U = C([0,T],R) of continuous functions defined in [0, T]. Define p: U x U — [0, +00) by
= t) —y(t 69
p(z,y) nas |=(t) — y(@)l, (69)

for all z,y € U. Then (U, p) is a complete partial metric space.
Let U = C(]0,T],R) with the natural partial order relation, that is, z,y € C([0,T],R),

x<y < x(t) <y(t),te[0,T).

Theorem 4.1. Assume the following conditions are hold:
(1) the mappings f,g: [0,T] x R — R are continuous;
(2) h: [0,T] = R is continuous;
(3) A: [0,7] x R — R is continuous;
(4) there exists b > 0 and k is a nonnegative constant with 0 < k < 1, such that for all x,y € U, = <y,

0= f(s,) = fls2) < b3y~ ),

o

0<g(s,y) —g(s,z) <b

()

§(y—x);

T
b max/ IA(t, s)|ds < 1,
te€[0,7] Jo

(6) there exist ug,vo € U such that
T
uo(t) = h(t) +/0 AL, s)[f(s,uo(s)) + g(s,vo(s))]ds,

T
wolt) < ht) + /0 A(t, )[F (s, v0(s)) + 95, uo(s))]ds.

Then, the system of Volterra integral equation (68) has a unique solution in U x U with U = C([0,T],R).

Proof. Define the mapping F': U x U — U by

T
F(z,y)(t) :h(t)+/0 At )[f (s, 2(s)) + g(s,y(s))]ds, (70)

for all ,y € U and t € [0,7].
From assumption (4), clearly F' has mixed monotone property.
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For z,y,u,v € U with x > u and y < v, we have

P(F(@,y), Flu,0)) = ma [F(@,y)(t) = F(u, 0)(0)]

T
= o 10+ [ M) (5.0() + gl ()]s

() + [ A7) + g, o))
. 0
= max | [ A9l (s.0(5) = S5 u5)

te[0,T]

+g(s,y(s)) — g(s,v(s))]ds‘

T
< max [ (Ifa(s) = fsuto)
+g(s,y(5)) = gls,0(5))] ) IA(E, 5) ds
k T
< tg%&};] 5 b /0 (‘:U(s) —u(s)| + |y(s) — v(s)!) IA(t, s)|ds
< ];(trer[l(?}(] |z (t) — u(t)] + tre%%c] ly(t) — v(t)‘) X
T
<btle%%,}7{“]/0 IA(¢, s)\ds)
< 5 (s Jot) = )] + max [u(®) ~ (0]
= g [p(z,u) + p(y, v)]
where 0 < k < 1.
So that
P(F (o), Flwv)) < 5 [plau) + (o, 0)]

a contractive condition in Corollary 3.7. Thus F has a coupled fixed point in U, that is, the system of
Volterra type integral equation has a solution. Finally, let (x,y) be a coupled lower and upper solution of
the integral equation (68), then by assumption (6) of the Theorem 4.1, we have z < F(z,y) < F(y,x) < y.
Corollary 3.7 gives us that F has a coupled fixed point, say («, 3) € U x U. Since x <y, Theorem 3.11 says
us that a = 8 and this implies & = F(a, ) and « is the unique solution of the integral equation (68). [

The aforesaid application is illustrated by the following example.
Example 4.2. Let U = C([0, 1], R). Now consider the integral equation in U as

3 12
F(z,y)(t) = % +/0 13 [:B(s) + y(s)2+3 ds. (71)

Then clearly the above equation is in the form of following equation:
T
Plaa)(®) =)+ [ At9)[F.2(9) + o, (5)lds,
for all z,y € U and t € [0, 7], where

t3 2
() = "I M) = g

2
=_— t) = t) = dT =1.
24(t+3)7 f(87) 87 g(s?) S+3an
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That is, equation (71) is a special case of equation (68).
Here it is easy to verify that the functions h(t), A(¢,s), f(s,t) and g(s,t) are continuous. Moreover, there
exist b=9 and k = % with 0 < k£ < 1 such that

0< f(s,) = Fls,2) Sb(y—2),

0< gls,) ~ 9(s,) < b (y — o)

for all z,y € R with y > z and s € [0,1] and

T
b max/ At,s)ds = /
te[0,7] Jo t—|—3

= 92%%3‘1{m} <L

Thus the conditions (1)-(5) of Theorem 4.1 are satisfied.
Now consider ug(t) = 1 and vg(t) = 1. Then we have

T
W) + / At 5)[ (5, 00(3)) + g5, o(s))]ds

tB+7 52

1
2
= -7 — N+ 2]d
4 +/0 24(t+3)[ +lds
t3+7 1

= > 1.
i TwE+3)

That is, vg < F(vg, up). Similarly, it can be shown that ug > F(ug, vo).
Thus all the conditions of Theorem 4.1 are satisfied. It follows that the integral equation (71) has a
solution in U x U with U = C([0, 1], R).

5. Conclusion

In this work, we examine coupled fixed point solutions for contractive type conditions involving control
functions in the context of partial metric spaces that are partially ordered. Furthermore, we show some im-
plications of the established results, as well as an example to support the established results. An application
of the Volterra integral equation is also provided. Our findings expand and generalize several previously
published results from the literature.
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