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Abstract

We study an inverse source problem for an elliptic partial differential equation (PDE) with a separable
time-dependent source ϕ(t). The reconstruction is based on terminal data, a setting that is ill-posed in the
sense of Hadamard. We first establish a Lipschitz continuity (stability) estimate for the recovered source in
Lp(Ω), p ≥ 2, with respect to the frequency parameter κ. Our second contribution develops a regularization
for the final-value problem with separable sources and noisy measurements in L2(Ω). A truncation-based
scheme is analyzed to regularize the problem, and an L2 error estimate is derived.
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1. Introduction

Inverse source problems for partial differential equations (PDEs) have attracted substantial attention over
the past few decades from both theoretical and applied viewpoints. The aim is to reconstruct an unknown
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source term from indirect measurements of the PDE solution. Such problems are mathematically challenging
and arise naturally in acoustics, electromagnetics, seismology, medical imaging, and materials science. The
modern notion of well-posedness goes back to Hadamard: a PDE problem is well-posed if the solution exists,
is unique, and depends continuously on the data; otherwise, it is ill-posed. Inverse problems−and in particular
inverse source problems−typically fall into the ill-posed category, where small data perturbations may cause
large instabilities in the reconstruction. This necessitates the design of appropriate regularization methods.

The historical roots of inverse problems can be traced back to Hadamard in the early 20th century, who
introduced the concept of a well-posed problem. In his framework, a PDE problem is said to be well-posed if
three conditions are satisfied: existence, uniqueness, and continuous dependence of the solution on the given
data. Problems that fail to meet any of these requirements are deemed ill-posed. Inverse problems—and in
particular inverse source problems—typically fall into the ill-posed category, where small data perturbations
may cause large instabilities in the reconstruction. This necessitates the design of appropriate regularization
methods.

Comprehensive accounts of elliptic equations, wavelet analysis, and fractional calculus can be found in
[1, 2, 3, 4]. In theoretical physics, the Poisson equation plays a central role; several recent developments
are reported in [5, 6, 7]. The same model also underpins a wide range of applications—including non-
destructive testing, corrosion detection, tomographic imaging, and geophysics [8, 9]. Its associated inverse
source problem is a prototypical Hadamard–unstable task, where tiny perturbations in the input data may
lead to large deviations in the solution. Owing to this ill-posedness, practical computations typically rely on
regularization techniques; see, e.g., [18, 22].

Let Ω ⊂ RN (N ≥ 1) be a bounded domain with sufficiently smooth boundary ∂Ω, and let T > 0. We
consider the following inverse source problem for an elliptic-in-space PDE with the Poisson operator:

−utt(x, t)−∆u(x, t) = φ(t)f(x), (x, t) ∈ Ω× (0, T )
u(x, t) = 0, (x, t) ∈ ∂Ω× (0, T )
u(x, 0) = 0, x ∈ Ω

(1)

where the function φ will be specified below. The terminal condition is

u(x, T ) = g(x),

where g ∈ L2(Ω) is called the input data.
Now, we present several results related to the problem (1) in the case ϕ(t) = 1. In [10], the truncation

method was utilized for regularization, providing an approximation of the problem, and an error estimate
between the regularized and exact solutions was obtained. In [11], the authors proposed a modified approach
and established a Hölder-type error estimate for the difference between the regularized and exact solutions.
In [12], the Tikhonov regularization method was considered in the extended Hilbert scale, and error estimates
were obtained using both an a priori approach and posterior choice rules.

Up to now, there have been only a limited number of works that have studied the inverse source problem
for the Poisson equation with general φ. In [27], this paper provides the first result on determining the
source function with the variable-separable form φ(t)f(x), with the specific choice φ(t) = e−kt for k ≥ 0. To
the best of our knowledge, there has not been any work that has examined the determination of the source
function with the variable-separable form φ(t)f(x), with the specific choice φ(t) = sin(κt) for κ > 0 as in
Problem (2).

In this work, we consider the following model:

−utt(x, t)−∆u(x, t) = sin(κt)f(x), (2)

subject to homogeneous Dirichlet boundary conditions u|∂Ω = 0. Here, T, κ are given positive numbers;
Ω ⊂ RN , N ≥ 1 is a bounded and connected domain with a smooth boundary ∂Ω. The function f is the
source term.
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In this setting we impose
u(x, T ) = g(x), ut(x, 0) = 0, x ∈ Ω,

where g ∈ L2(Ω) denotes the input (terminal) data.
The time-harmonic source φ(t) = sin(κt) arises under periodic excitation, e.g., in lock-in thermography,

where harmonic heating generates “thermal waves” and the steady spatial field is governed by an elliptic model
with a harmonic source. In electrical impedance tomography, small alternating-current (AC) injections at
a fixed angular frequency lead to an elliptic forward model and an inverse reconstruction from boundary
data; under the quasi-static approximation for electroencephalography (EEG) and magnetoencephalography
(MEG), the forward model reduces to a Poisson-type equation while the inverse task recovers neural sources.
Therefore, developing regularization methods and L2 error estimates for model (2) is directly relevant to
these measurement protocols.

Our main results and contributions in this paper are summarized as follows:

• First contribution: We prove an Lp-Lipschitz dependence of the reconstructed source on κ(p ≥ 2).

• Second contribution: We devise a truncation-based regularization for the terminal (final-value) problem
with separable sources and noisy L2 data, and an L2 error estimate is derived.

The remainder of the paper is organized as follows: Section 2 presents the preliminaries and introduces
the abstract framework. Section 3 investigates the Lipschitz continuity of the source in Lp with respect to
κ(p ≥ 2). Theorem 3.1 provides an explicit formula for the source, and Theorem 3.4 establishes its Lipschitz
continuity with respect to κ. Section 4 introduces the regularized scheme and Theorem 4.1 provides the L2

error estimate.

2. Preliminaries

Assume that Ω ⊂ RN is a bounded domain with smooth boundary, and define the operator

A = −∆

subject to homogeneous Dirichlet boundary conditions. Suppose that A is a self-adjoint, positive operator
with compact resolvent, and that there exists an orthonormal basis {en}n≥1 of L2(Ω) composed of eigen-
functions of A, with corresponding eigenvalues

0 < λ1 ≤ λ2 ≤ · · · ≤ λn → ∞ as n → ∞

We denote by ⟨·, ·⟩ the inner product in L2(Ω), and by un(t) := ⟨u(·, t), en⟩ the Fourier coefficients of u.
The norm in a Banach space B is indicated by ∥ · ∥B.

For s ≥ 0, we define the Hilbert scale space

Hs(Ω) =

{
f =

∞∑
n=1

fnen ∈ L2(Ω) : ∥f∥2Hs(Ω) =
∞∑
n=1

f2
nλ

s
n < ∞

}
.

Lemma 2.1. (see [22]) The following inclusions hold true

Lp(Ω) ↪→ Hσ(Ω), if − N
2 < σ ≤ 0, p ≥ 2N

N−2σ ,

Hσ(Ω) ↪→ Lp(Ω), if 0 ≤ σ < N
2 , p ≤ 2N

N−2σ .

}
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3. Inverse Source Problem with the Terminal Condition

We analyze the following PDE via spectral decomposition
−utt(x, t)−∆u(x, t) = sin(κt)f(x), (x, t) ∈ Ω× (0, T ),

u(x, t) = 0, on ∂Ω× (0, T ),

u(x, 0) = 0, ut(x, 0) = 0, x ∈ Ω.

(3)

Here, T, κ are given positive numbers; Ω ⊂ RN , N ≥ 1 is a bounded and connected domain with a smooth
boundary ∂Ω. The function f is the (unknown) source term.

3.1. The explicit formula of the source function
Theorem 3.1. Let g ∈ L2(Ω). Assume that −κ sinh

(√
λn T

)
+

√
λn sin(κT ) ̸= 0. Then the source term f

of Problem (3) is given by

f(x) =
∞∑
n=1

√
λn(κ

2 + λn)

−κ sinh(
√
λn T ) +

√
λn sin(κT )

gnen(x).

Proof. We express the solution u(x, t) in the form of Fourier series as u(x, t) =
∑∞

n=1 un(t)en(x), with
un(t) = ⟨u(·, t), en⟩. Substituting into the main equation, we obtain:

−
∑
n≥1

u′′n(t)en(x) +
∑
n≥1

λnun(t)en(x) =
∑
n≥1

fn sin(κt)en(x),

where fn = ⟨f, en⟩. From which we arrive at the following ordinary differential equations

u′′n(t)− λnun(t) = −fn sin(κt). (4)

The general solution of (4) equation is un(t) = uhn(t) + upn(t). The homogeneous solution is:

uhn(t) = An cosh
(√

λn t
)
+Bn sinh

(√
λn t

)
.

For the particular solution, assume upn(t) = Cn sin(κt):

−Cnκ
2 sin(κt)− λnCn sin(κt) = −fn sin(κt),

which implies that Cn = fn
κ2+λn

(since κ2 + λn > 0). Thus, one gets

upn(t) =
fn

κ2 + λn
sin(κt).

The general solution of (4) is defined by

un(t) = An cosh
(√

λn t
)
+Bn sinh

(√
λn t

)
+

fn
κ2 + λn

sin(κ t).

Applying un(0) = u′n(0) = 0, we find

un(0) = An = 0, u′n(t) = Bn

√
λn cosh

(√
λn t

)
+

fnκ

κ2 + λn
cos(κt),

and
u′n(0) = Bn

√
λn +

fnκ

κ2 + λn
= 0.
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Thus Bn = − fnκ√
λn(κ2+λn)

. Hence,

un(t) = fn

(
−κ sinh

(√
λn t

)
+
√
λn sin(κt)√

λn (κ2 + λn)

)
.

The terminal condition gives:

gn = un(T ) = fn

(
−κ sinh

(√
λn T

)
+
√
λn sin(κT )√

λn (κ2 + λn)

)
.

This yields immediately that

fn =

√
λn

(
κ2 + λn

)
−κ sinh

(√
λn T

)
+
√
λn sin(κT )

gn.

Hence, the source is represented by the series

f(x) =

∞∑
n=1

√
λn

(
κ2 + λn

)
−κ sinh

(√
λn T

)
+
√
λn sin(κT )

gnen(x).

3.2. The Lipschitz continuity of the source function with respect to the parameter κ in Lp

Lemma 3.2. Let T, κ > 0 and αn =
√
λn for n ≥ 1. Then

κ sinh(αnT )− αn sin(κT ) ≥ αn

(
κT − sin(κT )

)
=
√

λn

(
κT − sin(κT )

)
≥ 0.

Proof. Since sinhx ≥ x for x ≥ 0, we have

κ sinh (αnT ) ≥ καnT.

Subtracting αn sin(κT ) from both sides gives

Dn := κ sinh (αnT )− αn sin(κT ) ≥ αnκT − αn sin(κT ) = αn(κT − sin(κT )).

Since sinx ≤ x for all x ≥ 0, we have κT − sin(κT ) ≥ 0, hence the last term is nonnegative.

Lemma 3.3. (hyperbolic dominates polynomial). Fix κ = κ̄ > 0 and T > 0. Set

A :=
| sin(κ̄T )|

T
> 0, B :=

κ̄

2
> 0.

Then there exists λ0 = λ0(κ̄, T ) > 0 such that for all λ ≥ λ0,

√
λ | sin(κ̄T )| ≤ κ̄

2
sinh(

√
λT ).

Proof. Let x =
√
λT . We must show Ax ≤ B sinhx for all x ≥ x0 with some x0 > 0. Consider ϕ(x) :=

B
A

sinhx
x . Since

ϕ′(x) =
B

A

x coshx− sinhx

x2
> 0 (x > 0),

ϕ is increasing on (0,∞) and ϕ(x) → ∞ as x → ∞. Hence there exists x0 = x0(κ̄, T ) > 0 with ϕ (x0) = 1,
and then ϕ(x) ≥ 1 for all x ≥ x0, i.e. Ax ≤ B sinhx. Returning to λ with λ0 := (x0/T )

2 yields the claim.
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Theorem 3.4. Let Ω ⊂ RN be a bounded domain with C2 boundary and let {(λn, en)}n≥1 be the orthonor-
mal eigen-system of the Dirichlet Laplacian −∆ on Ω, i.e., −∆en = λnen in Ω, en|∂Ω = 0, and {en} is
orthonormal in L2(Ω). For T > 0, κ > 0, and g ∈ L2(Ω), define

f(x, κ) =

∞∑
n=1

√
λn (κ

2 + λn)

−κ sinh
(√

λn T
)
+
√
λn sin(κT )

⟨g, en⟩ en(x), (5)

whenever the denominator is nonzero for all n. The series (5) converges in L2(Ω).
Let κ1, κ2 > 0, and let κ̄ be any number between κ1 and κ2 such that the non-resonance condition

− κ̄ sinh
(√

λn T
)
+
√
λn sin(κ̄T ) ̸= 0 for all n ≥ 1

holds. Then the following estimates are valid:

(1) Lipschitz stability in L2:
There exists a constant C2(κ̄, T ) > 0 such that

∥f(·, κ1)− f(·, κ2)∥L2(Ω) ≤ C2(κ̄, T ) |κ1 − κ2| ∥g∥L2(Ω).

(2) Lipschitz stability in Lp, p ≥ 2:
Let 2 ≤ p < ∞ and σ > N

2 − N
p . Set s = σ − N

2 + N
p > 0. Assume g(x) ∈ Hσ(Ω). There exists a

constant Cp,Ω > 0 and M > 0, such that,

∥f(·, κ1)− f(·, κ2)∥Lp(Ω) ≤ C2(κ̄, T )Cp,Ω |κ1 − κ2|M
N
2

(
1
2
− 1

p

)
∥g∥L2(Ω)

+ Cp,ΩC(κ̄, T ) |κ1 − κ2|
(
M−1− s

2 +M− s
2
)
∥g∥Hσ(Ω).

(3) Lipschitz stability in L∞:
Let σ > N

2 . Assume g(x) ∈ Hσ(Ω). Set l = σ − N
2 > 0. There exists a constant C∞,Ω > 0 and M > 0

such that,

∥f (·, κ1)− f (·, κ2)∥L∞(Ω) ≤ C2(κ̄, T )C∞,Ω |κ1 − κ2|M
N
4 ∥g∥L2(Ω)

+ C∞,ΩC(κ̄, T ) |κ1 − κ2|
(
M−1− l

2 +M− l
2

)
∥g∥Hσ(Ω).

Here C(κ̄, T ), C2(κ̄, T ), Cp,Ω, and C∞,Ω denote positive constants independent of g, κ1, κ2, and M (except
for the displayed dependence), and Hσ is the Hilbert scale associated with the Dirichlet Laplacian.

Proof. To establish the Lipschitz continuity of the solution f(x, κ) with respect to the frequency parameter
κ, we denote the spectral multiplier by

mn(κ) :=

√
λn

(
κ2 + λn

)
−κ sinh

(√
λn T

)
+
√
λn sin(κT )

.

For any frequencies κ1, κ2 > 0, the mean value theorem implies there exists κ̄ between κ1 and κ2 such
that

mn (κ1)−mn (κ2) =
∂

∂κ
m (κ, λn)

∣∣∣∣
κ=κ̄

(κ1 − κ2) .

Thus, the difference in the solution is

f (x, κ1)− f (x, κ2) =
∞∑
n=1

(
∂

∂κ
m (κ, λn)

∣∣∣∣
κ=κ̄

)
(κ1 − κ2) ⟨g, en⟩ en(x).

(1) Lipschitz stability in L2:
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We first prove Lipschitz continuity in the L2(Ω) norm. Since {en} is an orthonormal basis in L2(Ω), the
L2 norm of the difference is

∥f (·, κ1)− f (·, κ2)∥2L2(Ω) = |κ1 − κ2|2
∞∑
n=1

∣∣∣∣ ∂

∂κ
m (κ, λn)

∣∣∣∣
κ=κ̄

∣∣∣∣2|⟨g, en⟩|2
≤ |κ1 − κ2|2

(
sup
n≥1

∣∣∣∣ ∂∂κm (κ, λn)

∣∣∣∣
κ=κ̄

∣∣∣∣2
) ∞∑

n=1

|⟨g, en⟩|2

= |κ1 − κ2|2
(
sup
n≥1

∣∣∣∣ ∂∂κm (κ, λn)

∣∣∣∣
κ=κ̄

∣∣∣∣2
)
∥g∥2L2(Ω).

(6)

Taking the square root, we need to bound

sup
n≥1

∣∣∣∣ ∂∂κm (κ, λn)

∣∣∣∣
κ=κ̄

∣∣∣∣ < ∞,

with a constant depending only on κ̄ and T , under the non-resonance condition κ̄T − sin(κ̄T ) > 0. Define
the numerator and denominator of the multiplier:

N(κ, λ) :=
√
λ
(
κ2 + λ

)
,

D(κ, λ) := −κ sinh(
√
λT ) +

√
λ sin(κT ).

Then, m(κ, λ) = N(κ,λ)
D(κ,λ) , and the derivative is

∂

∂κ
m(κ, λ) =

∂
∂κN(κ, λ)D(κ, λ)−N(κ, λ) ∂

∂κD(κ, λ)

D(κ, λ)2
. (7)

Compute the partial derivatives:

∂

∂κ
N(κ, λ) = 2

√
λκ,

∂

∂κ
D(κ, λ) = − sinh(

√
λT ) +

√
λT cos(κT ).

Substituting into (7), we obtain

∂

∂κ
m(κ, λ) =

2
√
λκ(−κ sinh(

√
λT ) +

√
λ sin(κT ))−

√
λ
(
κ2 + λ

)
(− sinh(

√
λT ) +

√
λT cos(κT ))

(−κ sinh(
√
λT ) +

√
λ sin(κT ))2

. (8)

To bound this, we estimate the denominator using standard inequalities: sinh z ≥ z + z3

6 for all z > 0 and
Lemma 3.2 . Thus,

|D(κ, λ)| = κ sinh(
√
λT )−

√
λ sin(κT ) ≥

√
λ(κT − sin(κT )) > 0

and more sharply,

|D(κ, λ)| ≥ κ(sinh(
√
λT )−

√
λT ) ≥ κT 3

6
λ3/2. (9)

For the numerator of (8), we bound each term:

|2
√
λκ(−κ sinh(

√
λT ) +

√
λ sin(κT ))| ≤ 2

√
λ |κ|

∣∣∣−κ sinh(
√
λT ) +

√
λ sin(κT )

∣∣∣ ,∣∣∣√λ
(
κ2 + λ

)
(− sinh(

√
λT ) +

√
λT cos(κT ))

∣∣∣ ≤ √
λ
(
κ2 + λ

)
(sinh(

√
λT ) +

√
λT ).
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Thus, the absolute value of the derivative is

∣∣∣∣ ∂∂κm(κ, λ)

∣∣∣∣ ≤ 2
√
λ|κ|

∣∣∣−κ sinh(
√
λT ) +

√
λ sin(κT )

∣∣∣+√
λ
(
κ2 + λ

)
(sinh(

√
λT ) +

√
λT )∣∣∣−κ sinh(

√
λT ) +

√
λ sin(κT )

∣∣∣2 . (10)

• For λ ≥ 1, use (9), then

2
√
λ|κ||−κ sinh(

√
λT )+

√
λ sin(κT )|

|−κ sinh(
√
λT )+

√
λ sin(κT )|2

≤ 2
√
λ|κ|

κT3

6
λ3/2

= 12|κ|
κT 3λ

≤ 12
T 3λ

,
√
λ(κ2+λ)(sinh(

√
λT )+

√
λT )(

κT3

6
λ3/2

)2 =
36(κ2+λ)(sinh(

√
λT )+

√
λT )

κ2T 6λ5/2 .
(11)

For large λ. Fixκ = κ̄ > 0. Since sinh(
√
λT ) dominates

√
λ as λ → ∞, there exists λ0 = λ0(κ̄, T ) such that,

for all λ ≥ λ0,
|D(κ̄, λ)| = κ̄ sinh(

√
λT )−

√
λ sin(κ̄T ) ≥ κ̄

2
sinh(

√
λT ),

(since Lemma 3.3 ). From (10) we then have

|∂κm(κ̄, λ)| ≤ 2
√
λ|κ̄|(κ̄ sinh(

√
λT ) +

√
λ| sin(κ̄T )|)

|D(κ̄, λ)|2
+

√
λ
(
κ̄2 + λ

)
(sinh(

√
λT ) +

√
λT )

|D(κ̄, λ)|2
.

Using (11), the two terms are bounded as follows:

2
√
λ|κ̄|(κ̄ sinh+

√
λ| sin |)

|D|2
≤ C1

λ
;

√
λ
(
κ̄2 + λ

)
(sinh+

√
λT )

|D|2
≤ C2(κ̄, T )

λ3/2(sinh+
√
λT )

sinh2
≤ C2e

−
√
λT .

Hence,

|∂κm(κ̄, λ)| ≤ C1

λ
+ C2(κ̄, T )e

−
√
λT , λ ≥ λ0.

Therefore, there exists C = C(κ̄, T ) such that

sup
λ≥λ0

|∂κm(κ̄, λ)| ≤ C.

For λ ∈ [1, λ0], by Lemma 3.2 , we have |D(κ̄, λ)| ≥ c∗ =
√
λ1(κ̄T − sin(κ̄T )) > 0. Hence, using the quotient

rule and the bounds |N | ≤
√
λ0

(
κ̄2 + λ0

)
and |∂κD| ≤ sinhT + T , we obtain

sup
λn∈[1,λ0]

|∂κm (κ̄, λn)| ≤
2
√
λ0|κ̄|
c∗

+

√
λ0

(
κ̄2 + λ0

)
(sinhT + T )

c2∗
=: Clarge (κ̄, T, λ0) < ∞. (12)

• For λ ≤ 1. Fix κ = κ̄ > 0. We have rough bounds

|N | =
√
λ
(
κ2 + λ

)
≤ κ2 + 1, |∂κD| ≤ sinh(

√
λT ) +

√
λT ≤ sinhT + T.

Inferred

sup
λ∈[λ1,1]

|∂κm(κ, λ)| ≤ 2|κ|
c∗

+

(
κ2 + 1

)
(sinhT + T )

c2∗
=: Csmall (κ̄, T ) < ∞.

Combining the two ranges of λ, there exists a constant C2(κ̄, T ) < ∞ such that

sup
n≥1

∣∣∣∣ ∂∂κm (κ, λn)

∣∣∣∣
κ=κ̄

∣∣∣∣ ≤ max {Csmall (κ̄, T ), Clarge (κ̄, T )} =: C2(κ̄, T ) < ∞. (13)
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Combining (6) and (13), we obtain

∥f (·, κ1)− f (·, κ2)∥L2(Ω) ≤ C2(κ̄, T ) |κ1 − κ2| ∥g∥L2(Ω).

proving the L2 Lipschitz continuity under the non-resonance condition.

(2) Lipschitz stability in Lp, p ≥ 2:

To extend the result to Lp(Ω) for p ≥ 2, we use spectral truncation at level M ≥ 1 to split the difference
at a spectral level M to be chosen later:

f (x, κ1)− f (x, κ2) =
∑

λn≤M

(
∂

∂κ
m (κ, λn)

∣∣∣∣
κ=κ̄

)
(κ1 − κ2) ⟨g, en⟩ en(x)

+
∑

λn>M

(mn (κ1)−mn (κ2)) ⟨g, en⟩ en(x).

By the triangle inequality,

∥f (·, κ1)− f (·, κ2)∥Lp(Ω) ≤

∥∥∥∥∥∥
∑

λn≤M

(
∂

∂κ
m (κ, λn)

∣∣∣∣
κ=κ̄

)
(κ1 − κ2) ⟨g, en⟩ en

∥∥∥∥∥∥
Lp(Ω)

+

∥∥∥∥∥∥
∑

λn>M

(mn (κ1)−mn (κ2)) ⟨g, en⟩ en

∥∥∥∥∥∥
Lp(Ω)

.

(14)

For the first term, apply the Sobolev embedding Hs(Ω) ↪→ Lp(Ω) with s = N
2 − N

p > 0. There exists a
constant Cp,Ω > 0 such that for u =

∑
λn≤M ⟨u, en⟩ en,

∥u∥Lp(Ω) ≤ Cp,Ω

∥∥∥(I −∆)s/2u
∥∥∥
L2(Ω)

≤ Cp,Ω(1 +M)s/2∥u∥L2(Ω) ≤ Cp,ΩM
N
2

(
1
2
− 1

p

)
∥u∥L2(Ω). (15)

Set u =
∑

λn≤M

(
∂
∂κm (κ, λn)

∣∣
κ=κ̄

)
(κ1 − κ2) ⟨g, en⟩ en. Compute its L2 norm:

∥u∥2L2(Ω) = |κ1 − κ2|2
∑

λn≤M

∣∣∣∣ ∂

∂κ
m (κ, λn)

∣∣∣∣
κ=κ̄

∣∣∣∣2|⟨g, en⟩|2
≤ |κ1 − κ2|2C2(κ̄, T )

2∥g∥2L2(Ω).

(16)

Applying (15), then∥∥∥∥∥∥
∑

λn≤M

(
∂

∂κ
m (κ, λn)

∣∣∣∣
κ=κ̄

)
(κ1 − κ2) ⟨g, en⟩ en

∥∥∥∥∥∥
Lp(Ω)

≤ C2(κ̄, T )Cp,Ω |κ1 − κ2|M
N
2

(
1
2
− 1

p

)
∥g∥L2(Ω). (17)

For the high–frequency part, assume g(x) ∈ Hσ(Ω) with σ > N
2 − N

p . Set s = σ − N
2 + N

p > 0. Using the
inverse Sobolev embedding,∥∥∥∥∥ ∑

λn>M

(mn (κ1)−mn (κ2)) ⟨g, en⟩ en

∥∥∥∥∥
Lp(Ω)

≤ Cp,Ω

∥∥∥∥∥(−∆)
N/2−N/p

2

∑
λn>M

(mn (κ1)−mn (κ2)) ⟨g, en⟩ en

∥∥∥∥∥
L2(Ω)

.

Since mn (κ1)−mn (κ2) =
∂
∂κm (κ, λn)

∣∣
κ=κ̄

(κ1 − κ2), and

|∂κm(κ, λ)|κ=κ| ≤
C1

λn
+ C2(κ, T )e

−
√
λnT , λ ≥ λ0(κ̄, T ).
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By choosing M ≥ λ0 to apply to all λn > M . Let α = N
2 − N

p , σ > α and s = σ − α > 0. We have∥∥∥∥∥∥
∑

λn>M

(mn (κ1)−mn (κ2)) ⟨g, en⟩ en

∥∥∥∥∥∥
Lp

≤ Cp,Ω

∥∥∥∥∥∥(−∆)α/2
∑

λn>M

(mn (κ1)−mn (κ2)) ⟨g, en⟩ en

∥∥∥∥∥∥
L2

= Cp,Ω

 ∑
λn>M

λα
n |mn (κ1)−mn (κ2)|2 |⟨g, en⟩|2

1/2

≤ Cp,Ω |κ1 − κ2|

 ∑
λn>M

λα
n

(
C1

λn
+ C2e

−
√
λnT

)2

|⟨g, en⟩|2
1/2

≤ Cp,Ω |κ1 − κ2| (I1 + I2)
1/2 .

with
I1 = C2

1

∑
λn>M

λα−2
n |⟨g, en⟩|2 , I2 = C2

2

∑
λn>M

λα
ne

−2
√
λnT |⟨g, en⟩|2 .

- For I1 : because λn > M,λα−2
n ≤ M−2λα

n ≤ M−2−sλσ
n (due to σ = α+ s ). Hence

I1 ≤ CM−2−s∥g∥2Hσ(Ω).

- With I2 : use e−2
√
λT ≤ 1 and λα ≤ M−sλσ when λ > M , we get

I2 ≤ CM−s∥g∥2Hσ(Ω).

Thus,∥∥∥∥∥∥
∑

λn>M

(mn (κ1)−mn (κ2)) ⟨g, en⟩ en

∥∥∥∥∥∥
Lp(Ω)

≤ Cp,ΩC(κ̄, T ) |κ1 − κ2|
(
M−1− s

2 +M− s
2

)
∥g∥Hσ(Ω). (18)

Combining (17) and (18) into (14), then

∥f (·, κ1)− f (·, κ2)∥Lp(Ω) ≤C2(κ̄, T )Cp,Ω |κ1 − κ2|M
N
2

(
1
2
− 1

p

)
∥g∥L2

+ Cp,ΩC(κ̄, T ) |κ1 − κ2|
(
M−1− s

2 +M− s
2

)
∥g∥Hσ(Ω).

(3) Lipschitz stability in L∞:

For the L∞(Ω) norm, set p = ∞. For σ > N
2 , the Sobolev embedding gives∥∥∥∥∥∥

∑
λn≤M

⟨u, en⟩ en

∥∥∥∥∥∥
L∞(Ω)

≤ C∞,ΩM
N
4 ∥u∥L2(Ω).

Applying this to the truncated term, and (16), it follows that∥∥∥∥∥∥
∑

λn≤M

(
∂

∂κ
m (κ, λn)

∣∣∣∣
κ=κ̄

)
(κ1 − κ2) ⟨g, en⟩ en

∥∥∥∥∥∥
L∞(Ω)

≤ C2(κ̄, T )C∞,Ω |κ1 − κ2|M
N
4 ∥g∥L2(Ω).
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For the high–frequency part, for σ > N
2 , l = σ − N

2 > 0 and choose M ≥ λ0. Inferred∥∥∥∥∥∥
∑

λn>M

(mn (κ1)−mn (κ2)) ⟨g, en⟩ en

∥∥∥∥∥∥
L∞

≤ C∞,ΩC(κ̄, T ) |κ1 − κ2|
(
M−1− l

2 +M− l
2

)
∥g∥Hσ(Ω).

Hence, we obtain

∥f (·, κ1)− f (·, κ2)∥L∞(Ω) ≤ C2(κ̄, T )C∞,Ω |κ1 − κ2|M
N
4 ∥g∥L2(Ω)

+C∞,ΩC(κ̄, T ) |κ1 − κ2|
(
M−1− l

2 +M− l
2

)
∥g∥Hσ(Ω).

4. Regularization in the L2 Space

In the eigenbasis {(λn, en)},

gn =
D (κ, λn)√
λn (κ2 + λn)

fn, D(κ, λ) = −κ sinh(
√
λT ) +

√
λ sin(κT ).

By Lemma 3.2, |D (κ, λn)| ∼ κ sinh
(√

λnT
)
∼ κ

2e
√
λnT as n → ∞; hence the multipliers of Tκ blow up and

Tκ is unbounded on L2(Ω). Equivalently, the inverse coefficients behave like
√
λn(κ2+λn)
D(κ,λn)

∼ 2
κλ

3/2
n e−

√
λnT ,

so high-frequency noise in g is exponentially amplified. Therefore the recovery of f from g is ill-posed
(Hadamard), motivating the spectral cut-off regularization in Theorem 4.1.

Theorem 4.1. Suppose the observed data gε satisfies

∥gε − g∥L2(Ω) ≤ ε.

Let us assume that κ is noised by κε such that

|κε − κ| ≤ ε.

We define the regularized solution fε as

f ε(x) =
∑

λn≤Mε

√
λn

(
κ2ε + λn

)
−κε sinh

(√
λn T

)
+
√
λn sin (κεT )

gεnen(x).

and assume that f ∈ Hσ(Ω) for σ > 0. Then, the following estimate holds.

∥f ε − f∥L2(Ω) ≤ ∥hε − θε∥L2(Ω) + ∥f ε − hε∥L2(Ω) + ∥θε − f∥L2(Ω)

≤ C̃(κ, T ) (Mε + 1) ε+

(
A(κ, T ) +B(κ, T )

Mε + κ2

κT − sin(κT )

)
ε∥g∥L2(Ω) +M−σ/2

ε ∥f∥Hσ .

where C̃, A(κ, T ), B(κ, T ) is a positive constant depending on κ, T . The parameter Mε is chosen to satisfy

lim
ε→0

Mε = +∞, lim
ε→0

Mεε = 0.

Proof. Let us set the following functions

hε(x) =
∑

λn≤Mε

√
λn

(
λn + κ2ε

)
√
λn sin (κεT )− κε sinh

(√
λn T

)gnen(x),
θε(x) =

∑
λn≤Mε

√
λn

(
λn + κ2

)
√
λn sin(κT )− κ sinh

(√
λn T

)gnen(x).
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Step 1. Estimate of ∥f ε − hε∥L2:
By Parseval’s theorem, we find that

∥f ε − hε∥2L2 =
∑

λn≤Mε

∣∣∣∣∣
√
λn

(
λn + κ2ε

)
√
λn sin (κεT )− κε sinh

(√
λn T

)∣∣∣∣∣
2

|gεn − gn|2

≤

(
sup

λn≤Mε

∣∣∣∣∣
√
λn

(
λn + κ2ε

)
√
λn sin (κεT )− κε sinh

(√
λn T

)∣∣∣∣∣
)2 ∑

λn≤Mε

|gεn − gn|2 .

Since the fact that ∑
λn≤Mε

|gεn − gn|2 ≤ ∥gε − g∥2L2 ≤ ε2.

Set ϕ(x) = xT − sin(xT ). By the non–resonance condition we have ϕ(κ) = κT − sin(κT ) > 0. Since ϕ is
continuous at x = κ, there exist ε0 > 0 and a constant c∗ = c∗(κ, T ) > 0 such that

ϕ(η) ≥ 1
2ϕ(κ) =: c∗(κ, T ) for all |η − κ| ≤ ε0.

In particular, for any ε ≤ ε0 and any κε with |κε − κ| ≤ ε,

κεT − sin(κεT ) = ϕ(κε) ≥ c∗(κ, T ) ≥ 1
2(κT − sin(κT )).

Hence, ∣∣∣∣ √
λn(λn + κ2ε)√

λn sin(κεT )− κε sinh(
√
λnT )

∣∣∣∣ ≤ λn + κ2ε
c∗(κ, T )

≤ Mε + κ2ε
c∗(κ, T )

.

Let C3(κ, T ) := 1/c∗(κ, T ) (note that C3 is independent of ε). Using Parseval’s identity and
∑

λn≤Mε
|gεn−

gn|2 ≤ ε2, we obtain
∥f ε − hε∥L2(Ω) ≤ C3(κ, T )

(
Mε + κ2ε

)
ε. (19)

Moreover, since κε ∈ [κ− ε0, κ+ ε0], we may absorb κ2ε into the constant to get

∥f ε − hε∥L2(Ω) ≤ C̃(κ, T )
(
Mε + 1

)
ε.

Step 2. Estimate of ∥hε − θε∥L2:
By Parseval’s theorem, we find that

∥hε − θε∥2L2 =
∑

λn≤Mε

∣∣∣∣∣
√
λn

(
λn + κ2ε

)
√
λn sin (κεT )− κε sinh

(√
λn T

) − √
λn

(
λn + κ2

)
√
λn sin(κT )− κ sinh

(√
λn T

)∣∣∣∣∣
2

|gn|2 . (20)

Using the mean value theorem, there exists ξ between κε and κ such that:∣∣∣∣∣
√
λn

(
λn + κ2ε

)
√
λn sin (κεT )− κε sinh

(√
λn T

) − √
λn

(
λn + κ2

)
√
λn sin(κT )− κ sinh

(√
λn T

)∣∣∣∣∣
=

∣∣∣∣∣ ddκ
( √

λn

(
λn + κ2

)
√
λn sin(κT )− κ sinh

(√
λn T

))∣∣∣∣∣
κ=ξ

|κε − κ| .
(21)

Our next goal is to study the term∣∣∣∣∣ ddκ
( √

λn

(
λn + κ2

)
√
λn sin(κT )− κ sinh

(√
λn T

))∣∣∣∣∣
κ=ξ

.
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for λn ≤ Mε. We compute the derivative with respect to κ of the expression
√
λn

(
λn + κ2

)
√
λn sin(κT )− κ sinh

(√
λnT

) .
The result is

d

dκ

( √
λn

(
λn + κ2

)
√
λn sin(κT )− κ sinh

(√
λn T

))

=
2
√
λnκ

(√
λn sin(κT )− κ sinh

(√
λn T

))
−
√
λn

(
λn + κ2

) (√
λn T cos(κT )− sinh

(√
λn T

))(√
λn sin(κT )− κ sinh

(√
λn T

))2 .

It is obvious to see that√
λn T cos(κT )− sinh

(√
λn T

)
=

1

κ

(√
λn sin(κT )− κ sinh

(√
λn T

))
+
√
λn

(
T cos(κT )− sin(κT )

κ

)
.

For κ > 0, we have ∣∣∣∣T cos(κT )− sin(κT )

κ

∣∣∣∣ ≤ T +
1

κ
.

Thus, we find that∣∣∣√λnT cos(κT )− sinh
(√

λnT
)∣∣∣ ≤ 1

κ

∣∣∣√λn sin(κT )− κ sinh
(√

λnT
)∣∣∣+√λn

(
T +

1

κ

)
.

Since Lemma 3.2 , it follows that∣∣∣√λn sin(κT )− κ sinh
(√

λn T
)∣∣∣ ≥√λn(κT − sin(κT )).

Then, ∣∣√λn T cos(κT )− sinh
(√

λn T
)∣∣∣∣√λn sin(κT )− κ sinh

(√
λn T

)∣∣ ≤ 1

κ
+

T + 1
κ

κT − sin(κT )
.

Substituting into the derivative expression, we obtain∣∣∣∣∣ ddκ
( √

λn

(
λn + κ2

)
√
λn sin(κT )− κ sinh

(√
λn T

))∣∣∣∣∣ ≤ 2
√
λn|κ|∣∣√λn sin(κT )− κ sinh

(√
λn T

)∣∣
+

√
λn

(
λn + κ2

)∣∣√λn sin(κT )− κ sinh
(√

λn T
)∣∣
(
1

κ
+

T + 1
κ

κT − sin(κT )

)
.

Applying the lower bound
∣∣√λn sin(κT )− κ sinh

(√
λn T

)∣∣ ≥ √
λn(κT − sin(κT )), we get

2
√
λn|κ|∣∣√λn sin(κT )− κ sinh

(√
λn T

)∣∣ ≤ 2|κ|
κT − sin(κT )

,

and √
λn

(
λn + κ2

)∣∣√λn sin(κT )− κ sinh
(√

λn T
)∣∣ ≤ λn + κ2

κT − sin(κT )
.

Therefore, we find that∣∣∣∣∣ ddκ
( √

λn

(
λn + κ2

)
√
λn sin(κT )− κ sinh

(√
λn T

))∣∣∣∣∣ ≤ 2|κ|
κT − sin(κT )

+
λn + κ2

κT − sin(κT )

(
1

κ
+

T + 1
κ

κT − sin(κT )

)
.
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Since λn ≤ Mε, we obtain the uniform bound

sup
λn≤Mε

∣∣∣∣∣ ddκ
( √

λn

(
λn + κ2

)
√
λn sin(κT )− κ sinh

(√
λn T

))∣∣∣∣∣ ≤ 2|κ|
κT − sin(κT )

+
Mε + κ2

κT − sin(κT )

(
1

κ
+

T + 1
κ

κT − sin(κT )

)

= A(κ, T ) +B(κ, T )
Mε + κ2

κT − sin(κT )
.

(22)
Combining (20), (21), (22), we find that

∥hε − θε∥2L2 ≤
(
A(κ, T ) +B(κ, T )

Mε + κ2

κT − sin(κT )

)2

ε2∥g∥2L2 .

Hence, we obtain

∥hε − θε∥L2 ≤
(
A(κ, T ) +B(κ, T )

Mε + κ2

κT − sin(κT )

)
ε∥g∥L2 .

Step 3. Estimate of ∥f − θε∥L2 :

Assume f ∈ Hσ(Ω), the truncation error is:

∥θε − f∥2L2 =
∑

λn>Mε

∣∣∣∣∣
√
λn

(
λn + κ2

)
√
λn sin(κT )− κ sinh

(√
λnT

)gn
∣∣∣∣∣
2

≤
∑

λn>Mε

λ−σ
n λσ

n |fn|
2

≤ M−σ
ε

∑
λn>Mε

λσ
n |gn|

2 ≤ M−σ
ε ∥f∥2Hσ .

Thus
∥θε − f∥L2 ≤ M−σ/2

ε ∥f∥Hσ .

By combining three observations of step 1, 2, 3, we arrive at

∥f ε − f∥L2(Ω) ≤ ∥hε − θε∥L2(Ω) + ∥f ε − hε∥L2(Ω) + ∥θε − f∥L2(Ω)

≤ C̃(κ, T ) (Mε + 1) ε+

(
A(κ, T ) +B(κ, T )

Mε + κ2

κT − sin(κT )

)
ε∥g∥L2(Ω) +M−σ/2

ε ∥f∥Hσ .
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